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1 (b) 

We have, 

−𝜋/4 < 𝑥 < 𝜋/4 

⇒ −1 < tan𝑥 < 1 ⇒ 0 ≤ tan2 𝑥 < 1 ⇒ [tan2 𝑥] = 0 

∴ 𝑓(𝑥) = [tan2 𝑥] = 0 for all 𝑥 ∈ (−𝜋/4, 𝜋/4) 

Thus, 𝑓(𝑥) is a constant function on  ∈ (−𝜋/4, 𝜋/4) 

So, it is continuous on ∈ (−𝜋/4, 𝜋/4) and 𝑓′(𝑥) = 0 for all 𝑥 ∈ (−𝜋/4, 𝜋/4) 

2 (d) 

Since, 𝑓(𝑥) is continuous at 𝑥 = 0 

∴     lim
𝑥→0

𝑓(𝑥) = 𝑓(0)  

⇒ lim
𝑥→0

−𝑒𝑥 + 2𝑥

𝑥
= 𝑓(0) 

⇒  lim
𝑥→0

−𝑒𝑥+2𝑥 log 2

1
= 𝑓(0)    [by L ‘Hospital’s rule] 

⇒ 𝑓(0) = −1 + log 2 

3 (b) 

Since 𝑓(𝑥) is an even function 

∴ 𝑓(−𝑥) = 𝑓(𝑥) for all 𝑥 

⇒ −𝑓′(−𝑥) = 𝑓′(𝑥) for all 𝑥 

⇒ 𝑓′(−𝑥) = −𝑓′(𝑥) for all 𝑥 

⇒ 𝑓′(𝑥) is an odd function 

4 (c) 

We have, 

𝑓(𝑥) = {
[cos𝜋 𝑥], 𝑥 < 1
|𝑥 − 2|, 1 ≤ 𝑥 < 2

 

⇒ 𝑓(𝑥) =

{
 
 

 
 

2 − 𝑥, 1 ≤ 𝑥 < 2
−1, 1/2 < 𝑥 < 1
0, 0 < 𝑥 ≤ 1/2

1, 𝑥 = 0
0, −1/2 ≤ 𝑥 < 0

−1, −3/2 < 𝑥 < −1/2

 

It is evident from the definition that 𝑓(𝑥) is discontinuous at 𝑥 = 1/2 

5 (b) 

Topic :-   CONTINUITY AND DIFFERENTIABILITY 

SOLUTIONS 
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We have, 

lim
𝑥→2−

𝑓(𝑥) = lim
ℎ→0

𝑓(2 − ℎ) = lim
ℎ→0

|−2 − ℎ + 2|

tan−1(−2 − ℎ + 2)
 

⇒ lim
𝑥→2−

𝑓(𝑥) = lim
ℎ→0

ℎ

tan−1(−ℎ)
= lim

ℎ→0

−ℎ

tan−1 ℎ
= −1 

and, 

lim
𝑥→−2+

𝑓(𝑥) = lim
ℎ→0

𝑓(−2 + ℎ) = lim
ℎ→0

|−2 + ℎ + 2|

tan−1(−2 + ℎ + 2)
 

⇒ lim
𝑥→−2+

𝑓(𝑥) = lim
ℎ→0

ℎ

tan−1 ℎ
= 1 

∴ lim
𝑥→−2−

𝑓(𝑥) ≠ lim
 →−2+

𝑓(𝑥) 

So, 𝑓(𝑥) is neither continuous nor differentiable at 𝑥 = −2 

6 (b) 

 
From the graph of 𝑓(𝑥) = | log|𝑥|| it is clear that 𝑓(𝑥) is everywhere continuous but not 

differentiable at 𝑥 = ±1, due to sharp edge 

7 (b) 

We have, 

lim
𝑥→𝑎

𝑥𝑓(𝑎) − 𝑎 𝑓(𝑥)

𝑥 − 𝑎
= lim

𝑥→𝑎

𝑥 𝑓(𝑎) − 𝑎 𝑓(𝑎) − 𝑎(𝑓(𝑥) − 𝑓(𝑎))

𝑥 − 𝑎
 

⇒ lim
𝑥→𝑎

𝑥 𝑓(𝑎) − 𝑎 𝑓(𝑥)

𝑥 − 𝑎
= lim

𝑥→𝑎

𝑓(𝑎)(𝑥 − 𝑎)

𝑥 − 𝑎
− 𝑎 lim

𝑥→𝑎

𝑓(𝑥) − 𝑓(𝑎)

𝑥 − 𝑎
 

⇒ lim
𝑥→𝑎

𝑥 𝑓(𝑎) − 𝑎 𝑓(𝑥)

𝑥 − 𝑎
= 𝑓(𝑎) − 𝑎 𝑓′(𝑎) = 4 − 2𝑎 

8 (c) 

Given,𝑓(𝑥) = 𝑥(√𝑥 + √𝑥 + 1). At 𝑥 = 0 LHL of √𝑥 is not defined, therefore it is not continuous at 

𝑥 = 0 

Hence, it is not differentiable at 𝑥 = 0 

9 (a) 

Here, 𝑓′(𝑥) = {
2𝑎𝑥, 𝑏 ≠ 0, 𝑥 ≤ 1
2𝑏𝑥 + 𝑎, 𝑥 > 1

 

Since, 𝑓(𝑋) is continuous at 𝑥 = 1 

∴    lim
ℎ→0

  𝑓(𝑥) = lim
ℎ→1+

 𝑓(𝑥) 

⇒    𝑎 + 𝑏 = 𝑏 + 𝑎 + 𝑐 ⇒ 𝑐 = 0 

Also, 𝑓(𝑥) is differentiable at 𝑥 = 1 

∴ (LHD at 𝑥 = 1)=(RHD at 𝑥 = 1) 

⇒   2𝑎 = 2𝑏(1) + 𝑎  ⇒   𝑎 = 2𝑏 
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10 (d) 

We have, 

lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1−

{
𝑥2

4
−
3𝑥

4
+
13

4
} =

1

4
−
3

2
+
13

4
= 2 

lim
𝑥→1+

𝑓(𝑥) = lim
𝑥→1

|𝑥 − 3| = 2 

and, 𝑓(1) = |1 − 3| = 2 

∴ lim
𝑥→1−

𝑓(𝑥) = 𝑓(1) = lim
𝑥→1+

𝑓(𝑥) 

So, 𝑓(𝑥) is continuous at 𝑥 = 1 

We have, 

lim
𝑥→3−

𝑓(𝑥) = lim
𝑥→3

|𝑥 − 3| = 0, lim
𝑥→3+

𝑓(𝑥) = lim
𝑥→3

|𝑥 − 3| = 0 

and, 𝑓(3) = 0 

∴ lim
𝑥→3−

𝑓(𝑥) = lim
𝑥→3+

𝑓(𝑥) = 𝑓(3) 

So, 𝑓(𝑥) is continuous at 𝑥 = 3 

Now, 

(LHD at 𝑥 = 1) 

= {
𝑑

𝑑𝑥
(
𝑥2

4
−
3𝑥

2
+
13

4
)}

𝑥=1

= {
𝑥

2
−
3

2
}
𝑥=1

=
1

2
−
3

2
= −1 

(RHD at 𝑥 = 1) = {
𝑑

𝑑𝑥
(−(𝑥 − 3))}

𝑥=1
= −1 

∴ (LHD at 𝑥 = 1) = (RHD at 𝑥 = 1) 

So, 𝑓(𝑥) is differentiable at 𝑥 = 1 

11 (d) 

𝑓(𝑥) = {

2 sin𝑥 − sin2𝑥

2𝑥 cos 𝑥
  𝑎,                 if 𝑥 = 0

, if 𝑥 ≠ 0, 

Now,  lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

 
2 sin𝑥−sin2𝑥

2𝑥 cos𝑥
     (

0

0
  form) 

= lim
𝑥→0

  
2 cos 𝑥 − 2 cos2𝑥

2 (cos 𝑥 − 𝑥 sin𝑥)
 

= lim
𝑥→0

  
2 − 2

2(1 − 0)
= 0 

Since, 𝑓(𝑥) is continuous at 𝑥 = 0 

∴     𝑓(0) = lim
𝑥→0

 𝑓(𝑥) 

⇒ 𝑎 = 0 

12 (a) 

Given,  𝑓(𝑥) = 𝑥 + |𝑥| 

∴     𝑓(𝑥) = {
2𝑥,    𝑥 ≥ 0
0, 𝑥 < 0
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It is clear from the graph of 𝑓(𝑥) is continuous for every value of 𝑥 

Alternate 

Since, 𝑥 and |𝑥| is continuous for every value of 𝑥, so their sum is also continous for every value of 𝑥  

13 (a) 

Since 𝑓(𝑥) is continuous at 𝑥 = 0 

∴ lim
𝑥→0−

𝑓(𝑥) = 𝑓(0) = lim
𝑥→0+

𝑓(𝑥) 

⇒ lim
𝑥→0

{1 + |sin𝑥|}
𝑎

| sin𝑥| = 𝑏 = lim
𝑥→0

𝑒
tan2𝑥
tan3𝑥 

⇒ 𝑒𝑎 = 𝑏 = 𝑒2/3 ⇒ 𝑎 =
2

3
 and 𝑎 = log𝑒 𝑏 

14 (b) 

We have, 

𝑓(𝑥) = {
𝑥2 +

(𝑥2/1 + 𝑥2)

1 − (1/1 + 𝑥2)
= 𝑥2 + 1, 𝑥 ≠ 0

0, 𝑥 = 0

 

Clearly, lim
𝑥→0− 

𝑓(𝑥) = lim
𝑥→0+ 

𝑓(𝑥) = 1 ≠ 𝑓(0) 

So, 𝑓(𝑥) is discontinuous at 𝑥 = 0 

15 (d) 

LHD= lim
ℎ→0

𝑓(0−ℎ)−𝑓(0)

−ℎ
 

= lim
ℎ→0

1 − 1

−ℎ
= 0 

RHD= lim
ℎ→0

𝑓(0+ℎ)−𝑓(0)

ℎ
 

= lim
ℎ→0

1 + sin(0 + ℎ) − 1

ℎ
= lim

ℎ→0

sin ℎ

ℎ
= 1 

⇒  LHD≠RHD 

16 (a) 

Given,   𝑓(𝑥) = 𝑥 − |𝑥 − 𝑥2| 

At  𝑥 = 1,    𝑓(1) = 1 − |1 − 1| = 1 

lim
𝑥→1−1

𝑓(𝑥) = lim
ℎ→0

[(1 − ℎ) − |(1 − ℎ)−(1 − ℎ)2|] 

= lim
ℎ→0

 [(1 − ℎ) − |ℎ − ℎ2|] = 1 

lim
𝑥→1+

𝑓(𝑥) = lim
ℎ→0

[(1 + ℎ) − |(1 + ℎ) − (1 + ℎ)2|] 

= lim
ℎ→0

  [1 + ℎ − |−ℎ2 − ℎ|] = 1 

∵   lim
𝑥→1−1

𝑓(𝑥) = lim
𝑥→1+

=𝑓(1)  

17 (a) 
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We have, 

𝑓(𝑥 + 𝑦 + 𝑧) = 𝑓(𝑥)𝑓(𝑦)𝑓(𝑧) for all 𝑥, 𝑦, 𝑧     …(i) 

⇒ 𝑓(0) = 𝑓(0)𝑓(0)𝑓(0)    [Putting 𝑥 = 𝑦 = 𝑧 = 0] 

⇒ 𝑓(0){1 − 𝑓(0)2} = 0 

⇒ 𝑓(0) = 1     [∵ 𝑓(0) = 0 ⇒ 𝑓(𝑥) = 0 for all 𝑥] 

Putting 𝑧 = 0 and 𝑦 = 2 in (i), we get 

𝑓(𝑥 + 2) = 𝑓(𝑥)𝑓(2)𝑓(0) 

⇒ 𝑓(𝑥 + 2) = 4𝑓(𝑥) for all 𝑥 

⇒ 𝑓′(2) = 4𝑓′(0)          [Putting 𝑥 = 0] 

⇒ 𝑓′(2) = 4 × 3 = 12 

18 (b) 

For 𝑥 > 1, we have 

𝑓(𝑥) = | log|𝑥|| = log 𝑥     ⇒     𝑓′(𝑥) =
1

𝑥
 

For 𝑥 < −1, we have 

𝑓(𝑥) = | log|𝑥|| = log(−𝑥)      ⇒     𝑓′(𝑥) =
1

𝑥
 

For 0 < 𝑥 < 1, we have 

𝑓(𝑥) = | log|𝑥|| = − log 𝑥     ⇒     𝑓′(𝑥) =
−1

𝑥
 

For −1 < 𝑥 < 0, we have 

𝑓(𝑥) = − log(−𝑥)     ⇒     𝑓′(𝑥) = −
1

𝑥
 

Hence, 𝑓′(𝑥) = {

1

𝑥
, |𝑥| > 1

−
1

𝑥
,   |𝑥| < 1

 

19 (c) 

Since, lim
𝑥→0

  𝑓(𝑥) = 𝑓(0) 

⇒   lim
𝑥→0

 
1 − cos 𝑥

𝑥2
= 𝑘 

⇒   lim
𝑥→0

 
–(−sin𝑥)

2𝑥
= 𝑘    [using L ‘Hospital’s rule] 

⇒    
1

2
lim
𝑥→0

 
sin 𝑥

𝑥
= 𝑘     ⇒      𝑘 =

1

2
 

20 (b) 

Given, 𝑓(𝑋) = |𝑥 − 1| + |𝑥 − 2| 

= {
𝑥 − 1 + 𝑥 − 2,    𝑥 ≥ 2

𝑥 − 1 + 2 − 𝑥,   1 ≤ 𝑥 < 2
1 − 𝑥 + 2 − 𝑥,   𝑥 < 1

 

= {
2𝑥 − 3, 𝑥 ≥ 2
1,    1 ≤ 𝑥 < 2

3 − 2𝑥, 𝑥 < 1
 

𝑓′(𝑥) = {
2, 𝑥 > 2
0,   1 < 𝑥 < 2
−1,    𝑥 < 1

 

Hence, except 𝑥 = 1 and 𝑥 = 2, 𝑓(𝑥) is differentiable everywhere in 𝑅 
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1 (b) 

Clearly, 𝑓(𝑥) is differentiable for all non-zero values of 𝑥. For 𝑥 ≠ 0, we have 

𝑓′(𝑥) =
𝑥 𝑒−𝑥

2

√1 − 𝑒−𝑥
2
 

Now, 

(LHD at 𝑥 = 0) = lim
𝑥→0−

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= lim

ℎ→0

𝑓(0 − ℎ) − 𝑓(0)

𝑥 − 0
 

⇒ (LHD at 𝑥 = 0) = lim
ℎ→0

√1 − 𝑒−ℎ
2

−ℎ
= lim

ℎ→0
−
√1 − 𝑒−ℎ

2

ℎ
 

⇒ (LHD at 𝑥 = 0) = − lim
ℎ→0

√
𝑒ℎ

2
− 1

ℎ2
×

1

√𝑒ℎ
2
= −1 

and, (RHD at 𝑥 = 0) = lim
𝑥→0+

𝑓(𝑥)−𝑓(0)

𝑥−0
= lim

ℎ→0

√1−𝑒−ℎ
2
−0

ℎ
 

⇒ (RHD at 𝑥 = 0) = lim
ℎ→0

√
𝑒ℎ

2
− 1

ℎ2
×

1

√𝑒ℎ
2
= 1 

So, 𝑓(𝑥) is not differentiable at 𝑥 = 0 

Hence, the set of points of differentiability of 𝑓(𝑥) is (−∞, 0) ∪ (0,∞) 

2 (c) 

Since 𝑓(𝑥) is continuous at 𝑥 = 0 

∴ 𝑓(0) = lim
𝑥→0

𝑥 sin (
1

𝑥
) = 0 

3 (d) 

For 𝑓(𝑥) to be continuous everywhere, we must have, 

𝑓(0) = lim
𝑥→0

𝑓(𝑥) 

⇒ 𝑓(0) = lim
𝑥→0

2 − (256 − 7𝑥)1/8

(5𝑥 + 32)1/5 − 2
     [Form

0

0
] 

⇒ 𝑓(0) = lim
𝑥→0

7
8
(256 − 7𝑥)−

7
8

(5𝑥 + 32)−4/5
=
7

8
×
2−7

2−4
=
7

64
 

4 (b) 

Topic :-   CONTINUITY AND DIFFERENTIABILITY 

SOLUTIONS 
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We have, 

𝑓(𝑥) = |𝑥|3 = {
𝑥3, 𝑥 ≥ 0

−𝑥3, 𝑥 < 0
 

∴ (LHD at 𝑥 = 0) = lim
𝑥→0−

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= lim

𝑥→0
−
𝑥3

𝑥
= 0 

and, 

∴ (RHD at 𝑥 = 0) = lim
𝑥→0+

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= lim

𝑥→0

𝑥3

𝑥
= 0 

Clearly, (LHD at 𝑥 = 0) = (RHD at 𝑥 = 0) 

Hence, 𝑓(𝑥) is differentiable at 𝑥 = 0 and its derivative at 𝑥 = 0 is 0 

5 (a) 

lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

(
4𝑥 − 1

𝑥
)

3

×
(
𝑥
𝑎
)

sin (
𝑥
𝑎
)
.

𝑎𝑥2

log (1 +
1
3𝑥

2)
 

= (log 4)3. 1. 𝑎 lim
𝑥→0

(
𝑥2

1
3𝑥

2 −
1
18𝑥

4+. . .
) 

= 3𝑎 (log 4)3 

∵     lim
𝑥→0

 𝑓(𝑥) = 𝑓(0) 

⇒   3𝑎 (log 4)3 = 9(log 4)3 

⇒      𝑎 = 3 

6 (d) 

We have, 

𝑓(𝑥) = |[𝑥]𝑥| for −1 < 𝑥 ≤ 2 

⇒ 𝑓(𝑥) = {

−𝑥, −1 < 𝑥 < 0
0, 0 ≤ 𝑥 < 1
𝑥, 1 ≤ 𝑥 < 2
2𝑥, 𝑥 = 2

 

It is evident from the graph of this function that it is continuous but not differentiable at 𝑥 = 0. Also, 

it is discontinuous at 𝑥 = 1 and non-differentiable at 𝑥 = 2 

7 (c) 

Given,  𝑓(𝑥) = [𝑥3 − 3] 

Let 𝑔(𝑥) = 𝑥3 − 𝑥 it is in increasing function 

∴   𝑔(1) = 1 − 3 = −2 

and  𝑔(2) = 8 − 3 = 5 

Here, 𝑓(𝑥) is discontinuous at six points 

8 (b) 

Given,   𝑦 = cos−1 cos(𝑥 − 1),   𝑥 > 0 

⇒     𝑦 = 𝑥 − 1, 0 ≤ 𝑥 − 1 ≤ 𝜋 

∴   𝑦 = 𝑥 − 1,            1 ≤ 𝑥 ≤ 𝜋 + 1 

At 𝑥 =
5𝜋

4
∈ [1, 𝜋 + 1] 

⇒ 
𝑑𝑦

𝑑𝑥
= 1   ⇒    (

𝑑𝑦

𝑑𝑥
)
𝑥=
5𝜋
4

= 1 
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9 (d) 

We have, 

𝑓′(𝑥) = lim
ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
 

⇒ 𝑓′(𝑥) = lim
ℎ→0

𝑓(𝑥) + 𝑓(ℎ) − 𝑓(𝑥)

ℎ
       [∵ 𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦)] 

⇒ 𝑓′(𝑥) = lim
ℎ→0

𝑓(ℎ)

ℎ
= lim

ℎ→0

ℎ2𝑔(ℎ)

ℎ
 

⇒ 𝑓′(𝑥) = 0 × 𝑔(0) = 0        [
∵ 𝑔 is continuous
∴ lim
ℎ→0

𝑔(ℎ) = 𝑔(0)] 

10 (b) 

Using Heine’s definition of continuity, it can be shown that 𝑓(𝑥) is everywhere discontinuous 

11 (b) 

For 𝑥 ≠ −1, we have 

𝑓(𝑥) = 1 − 2𝑥 + 3𝑥2 − 4𝑥3 +⋯∞ 

⇒ 𝑓(𝑥) = (1 + 𝑥)−2 =
1

(1 + 𝑥)2
 

Thus, we have 

𝑓(𝑥) = {

1

(1 + 𝑥)2
, 𝑥 ≠ −1

1, 𝑥 = −1

 

We have, lim
𝑥→−1−

𝑓(𝑥) → ∞ and lim
𝑥→−1−

𝑓(𝑥) → ∞ 

So, 𝑓(𝑥) is not continuous at 𝑥 = −1 

Consequently, it is not differentiable there at 

12 (b) 

At 𝑥 = 𝑎, 

LHL= lim
𝑥→𝑎−

 𝑓(𝑥) = lim
𝑥→𝑎

2𝑎 − 𝑥 = 𝑎 

And RHL= lim
𝑥→𝑎+

 𝑓(𝑥) = lim
𝑥→𝑎

3𝑥 − 2𝑎 = 𝑎 

And 𝑓(𝑎) = 3(𝑎) − 2𝑎 = 𝑎 

∴  LHL=RHL= 𝑓(𝑎) 

Hence, it is continuous at 𝑥 = 𝑎 

Again, at 𝑥 = 𝑎 

LHD= lim
ℎ→0

 
𝑓(𝑎−ℎ)−𝑓(𝑎)

−ℎ
  

= lim
ℎ→0

 
2𝑎 − (𝑎 − ℎ) − 𝑎

−ℎ
= −1 

and  RHD= lim
ℎ→0

 
𝑓(𝑎+ℎ)−𝑓(𝑎)

ℎ
  

= lim
ℎ→0

 
3(𝑎 + ℎ) − 2𝑎 − 𝑎

ℎ
= 3 
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∴   LHD≠RHD 

Hence, it is not differentiable at 𝑥 = 𝑎 

13 (b) 

We have, 

𝑓′(𝑥) = lim
ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
 

⇒ 𝑓′(𝑥) = lim
ℎ→0

𝑓(𝑥)𝑓(ℎ) − 𝑓(𝑥)

ℎ
 

⇒ 𝑓′(𝑥) = 𝑓(𝑥) lim
ℎ→0

𝑓(ℎ) − 1

ℎ
 

⇒ 𝑓′(𝑥) = 𝑓(𝑥) lim
ℎ→0

1 + (sin 2 ℎ)𝑔(ℎ) − 1

ℎ
 

⇒ 𝑓′(𝑥) = 𝑓(𝑥) lim
ℎ→0

sin 2 ℎ

ℎ
× lim
ℎ→0

𝑔(ℎ) = 2𝑓(𝑥)𝑔(0) 

14 (c) 

If −1 ≤ 𝑥 ≤ 1, then 0 ≤ 𝑥 sin𝜋 𝑥 ≤ 1/2 

∴ 𝑓(𝑥) = [𝑥 sin𝜋 𝑥] = 0, for −1 ≤ 𝑥 ≤ 1 

If 1 < 𝑥 < 1 + ℎ, where h is a small positive real number, then 

𝜋 < 𝜋 𝑥 < 𝜋 + 𝜋 ℎ ⇒ −1 < sin𝜋 𝑥 < 0 ⇒ −1 < 𝑥 sin𝜋 𝑥 < 0 

∴ 𝑓(𝑥) = [𝑥 sin𝜋 𝑥] = −1 in the right neighbourhood of  𝑥 = 1 

Thus, 𝑓(𝑥) is constant and equal to zero in [−1, 1] and so 𝑓(𝑥) is differentiable and hence 

continuous on (−1,1) 

At 𝑥 = 1, 𝑓(𝑥) is discontinuous because 

⇒ lim
𝑥→1−

𝑓(𝑥) = 0 and lim
𝑥→1+

𝑓(𝑥) = −1 

Hence, 𝑓(𝑥) is not differentiable at 𝑥 = 1 

15 (d) 

We have, 

(LHD at 𝑥 = 0) = {
𝑑

𝑑𝑥
(1)}

𝑥=0
= 0 

(RHD at 𝑥 = 0) = {
𝑑

𝑑𝑥
(1 + sin 𝑥)}

𝑥=0
= cos 0 = 1 

Hence, 𝑓′(𝑥) at 𝑥 = 0 does not exist 

16 (c) 

Here,  𝑓′(𝑥) = {
2𝑏𝑥 + 𝑎, 𝑥 ≥ −1
2𝑎,   𝑥 < −1

 

Given, 𝑓′(𝑥) is continuous everywhere 

∴     lim
𝑥→−1+

𝑓(𝑥) = lim
𝑥→−1−

𝑓(𝑥) 

⇒  −2𝑏 + 𝑎 = −2𝑎 

⇒    3𝑎 = 2𝑏 

⇒    𝑎 = 2, 𝑏 = 3 

or  𝑎 = −2,   𝑏 = −3 
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17 (b) 

We have, 

lim
𝑥→0

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= lim

𝑥→0

log cos 𝑥

log(1 + 𝑥2)
 

⇒ lim
𝑥→0

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= lim

𝑥→0

log(1 − 1 + cos𝑥)

log(1 + 𝑥2)
∙
1 − cos 𝑥

1 − cos 𝑥
 

⇒ lim
𝑥→0

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= lim

𝑥→0

log{1 − (1 − cos 𝑥)}

1 − cos 𝑥
∙
1 − cos 𝑥

log(1 + 𝑥2)
 

⇒ lim
𝑥→0

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= − lim

𝑥→0
log

[1 − (1 − cos 𝑥)]

−(1 − cos 𝑥)
×
2 sin2

𝑥
2

4 (
𝑥
2
)
2 ×

𝑥2

log(1 + 𝑥2)
 

⇒ lim
𝑥→0

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= −

1

2
 

Hence, 𝑓(𝑥) is differentiable and hence continuous at 𝑥 = 0 

18 (a) 

Since 𝑓(𝑥) is continuous at 𝑥 = 1. Therefore, 

lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1+

𝑓(𝑥) ⇒ 𝐴 − 𝐵 = 3 ⇒ 𝐴 = 3 + 𝐵       …(i) 

If 𝑓(𝑥) is continuous at 𝑥 = 2, then 

lim
𝑥→2−

𝑓(𝑥) = lim
𝑥→2+

𝑓(𝑥) ⇒ 6 = 4 𝐵 − 𝐴     …(ii) 

Solving (i) and (ii) we get 𝐵 = 3 

As 𝑓(𝑥) is not continuous at 𝑥 = 2. Therefore, 𝐵 ≠ 3 

Hence, 𝐴 = 3 + 𝐵 and 𝐵 ≠ 3 

19 (a) 

We have, 

𝑓(𝑥) = {

𝑥 − 4, 𝑥 ≥ 4
−(𝑥 − 4), 1 ≤ 𝑥 < 4

(𝑥3/2) − 𝑥2 + 3𝑥 + (1/2), 𝑥 < 1
 

Clearly, 𝑓(𝑥) is continuous for all 𝑥 but it is not differentiable at 𝑥 = 1 and 𝑥 = 4 

20 (a) 

It is given that 𝑓(𝑥) is continuous at 𝑥 = 1 

∴ lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1+

𝑓(𝑥) = 𝑓(1) 

⇒ lim
𝑥→1−

𝑎[𝑥 + 1] + 𝑏[𝑥 − 1] = lim
𝑥→1+

𝑎[𝑥 + 1] + 𝑏[𝑥 − 1] 

⇒ 𝑎 − 𝑏 = 2𝑎 + 0 × 𝑏 

⇒ 𝑎 + 𝑏 = 0 
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1 (c) 

lim
𝑥→0+

 𝑓(𝑥) = lim
𝑥→0+

 𝜆[𝑥] = 0 

lim
𝑥→0−

  𝑓(𝑥) = lim
𝑥→0−

  51/𝑥 = 0 

And  𝑓(0) = 𝜆[0] = 0 

∴  𝑓 is continuous only whatever 𝜆 may be 

2 (b) 

We have, 

𝑦(𝑥) = 𝑓(𝑒𝑥) 𝑒𝑓(𝑥) 

⇒ 𝑦′(𝑥) = 𝑓′(𝑒𝑥) ∙ 𝑒𝑥 ∙ 𝑒𝑓(𝑥) + 𝑓(𝑒𝑥) 𝑒𝑓(𝑥) 𝑓′(𝑥) 

⇒ 𝑦′(0) = 𝑓′(1)𝑒𝑓(0) + 𝑓(1)𝑒𝑓(0)𝑓′(0) 

⇒ 𝑦′(0) = 2           [∵ 𝑓(0) = 𝑓(1) = 0, 𝑓′(1) = 2] 

3 (b) 

Since 𝑓(𝑥) is differentiable at 𝑥 = 1. Therefore, 

lim
𝑥→1−

𝑓(𝑥) − 𝑓(1)

𝑥 − 1
= lim

𝑥→1+

𝑓(𝑥) − 𝑓(1)

𝑥 − 1
 

⇒ lim
ℎ→0

𝑓(1 − ℎ) − 𝑓(1)

−ℎ
= lim

ℎ→0

𝑓(1 + ℎ) − 𝑓(1)

ℎ
 

⇒ lim
ℎ→0

𝑎(1 − ℎ)2 − 𝑏 − 1

−ℎ
= lim

ℎ→0

1
|1 + ℎ|

− 1

ℎ
 

⇒ lim
ℎ→0

(𝑎 − 𝑏 − 1) − 2 𝑎ℎ + 𝑎ℎ2

−ℎ
= lim

ℎ→0

−ℎ

ℎ(1 + ℎ)
 

⇒ lim
ℎ→0

−(𝑎 − 𝑏 − 1) − 2 𝑎ℎ − 𝑎ℎ2

ℎ
= −1 

⇒ −(𝑎 − 𝑏 − 1) = 0 and so lim
ℎ→0

2𝑎ℎ−𝑎ℎ2

ℎ
= −1 

⇒ 𝑎 − 𝑏 − 1 = 0 and 2𝑎 = −1 ⇒ 𝑎 = −
1

2
, 𝑏 = −

3

2
 

4 (c) 

We have, 

𝑓(𝑥) =
sin4 𝜋[𝑥]

1+[𝑥]2
= 0 for all 𝑥  [∵ 4𝜋[𝑥]is a multiple of 𝜋] 

⇒ 𝑓′(𝑥) = 0 for all 𝑥 

5 (d) 

We have, 

Topic :-   CONTINUITY AND DIFFERENTIABILITY 

SOLUTIONS 
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lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

sin
1

𝑥
 

⇒ lim
𝑥→0

𝑓(𝑥) = An oscillating number which oscillates between −1 and 1 

Hence, lim
𝑥→0

𝑓(𝑥) does not exist 

Consequently, 𝑓(𝑥) cannot be continuous at 𝑥 = 0 for any value of 𝑘 

6 (c) 

 
It is clear from the graph that 𝑓(𝑥) is continuous everywhere and also differentiable everywhere 

except {−1, 1} due to sharp edge 

7 (d) 

We have, 

log (
𝑥

𝑦
) = log 𝑥 − log 𝑦 and log(𝑒) = 1 

∴ 𝑓(𝑥) = log 𝑥 

Clearly, 𝑓(𝑥) is unbounded because 𝑓(𝑥) → −∞ as 𝑥 → 0 and 𝑓(𝑥) → +∞ as 𝑥 → ∞ 

We have, 

𝑓 (
1

𝑥
) = log (

1

𝑥
) = − log 𝑥 

As 𝑥 → 0, 𝑓 (
1

𝑥
) → ∞ 

Also, 

lim
𝑥→0

𝑥𝑓(𝑥) = lim
𝑥→0

𝑥 log 𝑥 = lim
𝑥→0

log 𝑥

1/𝑥
 

⇒ lim
𝑥→0

𝑥𝑓(𝑥) = lim
𝑥→0

1/𝑥

−1/𝑥2
= − lim

𝑥→0
𝑥 = 0 

9 (c) 

Since 𝑔(𝑥) is the inverse of 𝑓(𝑥). Therefore, 

𝑓𝑜𝑔(𝑥) = 𝑥, for all 𝑥 

⇒
𝑑

𝑑𝑥
{𝑓𝑜𝑔 (𝑥)} = 1, for all 𝑥 

⇒ 𝑓′(𝑔(𝑥)) 𝑔′(𝑥) = 1, for all 𝑥 

⇒
1

1+{𝑔(𝑥)}3
× 𝑔′(𝑥) = 1 for all 𝑥         [∵ 𝑓′(𝑥) =

1

1+𝑥3
] 

⇒ 𝑔′(𝑥) = 1 + {𝑔(𝑥)}3, for all 𝑥 

10 (d) 

We have, 

𝑓(𝑥) = |𝑥2 − 4𝑥 + 3| 

⇒ 𝑓(𝑥) = {
𝑥2 − 4𝑥 + 3, if 𝑥2 − 4𝑥 + 3 ≥ 0

−(𝑥2 − 4𝑥 + 3), if 𝑥2 − 4𝑥 + 3 < 0
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⇒ 𝑓(𝑥) = {
𝑥2 − 4𝑥 + 3, if 𝑥 ≤ 1 or 𝑥 ≥ 3

−𝑥2 + 4𝑥 − 3, if 1 < 𝑥 < 3
 

Clearly, 𝑓(𝑥) is everywhere continuous  

Now, 

(LHD at 𝑥 = 1) = (
𝑑

𝑑𝑥
(𝑥2 − 4𝑥 + 3))

at 𝑥=1

 

⇒ (LHD at 𝑥 = 1) = (2𝑥 − 4)at 𝑥=1 = −2 

and, 

(RHD at 𝑥 = 1) = (
𝑑

𝑑𝑥
(−𝑥2 + 4𝑥 − 3))

at 𝑥=1

 

⇒ (RHD at 𝑥 = 1) = (−2𝑥 + 4)at 𝑥=1 = 2 

Clearly, (LHD at 𝑥 = 1) ≠ (RHD at 𝑥 = 1) 

So, 𝑓(𝑥) is not differentiable at 𝑥 = 1 

Similarly, it can be checked that 𝑓(𝑥) is not differentiable at 𝑥 = 3 also 

ALITER We have, 

𝑓(𝑥) = |𝑥2 − 4𝑥 + 3| = |𝑥 − 1| |𝑥 − 3| 

Since, |𝑥 − 1| and |𝑥 − 3| are not differentiable at 1 and 3 respectively 

Therefore, 𝑓(𝑥) is not differentiable at 𝑥 = 1 and 𝑥 = 3 

11 (c) 

The point of discontinuity of 𝑓(𝑥)  are those points where tan 𝑥 is infinite. 

𝑖𝑒,    tan 𝑥 = tan∞ 

⇒     𝑥 = (2𝑛 + 1)
𝜋

2
, 𝑛 ∈ 𝐼 

12 (a) 

Using graphical transformation 

 
As, we know the function is not differentiable at6 sharp edges and in figure (iii) 𝑦 = ||𝑥| − 1| we 

have 3 sharp edges at 𝑥 = −1, 0, 1 

∴ 𝑓(𝑥) is not differentiable at {0, ±1} 
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13 (c) 

lim
𝑥→0−

𝑓(𝑥) = lim
ℎ→0

2(0 − ℎ) = 0 

And lim
𝑥→0+

𝑓(𝑥) = lim
ℎ→0

 2(0 + ℎ) + 1 = 1 

∵    lim
𝑥→0−

𝑓(𝑥) ≠ lim
𝑥→1+

𝑓(𝑥)  

∴    𝑓(𝑥) is discontinuous at 𝑥 = 0 

14 (b) 

Draw a rough sketch of 𝑦 = 𝑓(𝑥) and observe its properties  

15 (c) 

lim
𝑥→𝜋

 
(1 + cos 𝑥) − sin 𝑥

(1 + cos 𝑥) + sin 𝑥
  

= lim
𝑥→𝜋

2 cos2 𝑥/2 − 2(sin𝑥/2) cos  𝑥/2

2 cos2 𝑥/2 + 2(sin𝑥/2) cos  𝑥/2
 

= lim
𝑥→𝜋

tan (
𝜋

4
−
𝜋

2
) = −1 

Since, 𝑓(𝑥) is continuous at 𝑥 = 𝜋 

∴   𝑓(𝜋) = lim
𝑥→𝜋

 𝑓(𝑥) = −1 

16 (d) 

𝑓′(1−) = lim
ℎ→0

  
𝑓(1 − ℎ) − 𝑓(1)

−ℎ
 

= lim
ℎ→0

  
(1 − ℎ − 1). sin (

1
1 − ℎ − 1

) − 0

−ℎ
 

= −lim
ℎ→0

 sin
1

ℎ
 

And 𝑓′(1+) = lim
ℎ→0

  
𝑓(1+ℎ)−𝑓(1)

ℎ
 

= lim
ℎ→0

  
(1 + ℎ − 1) sin (

1
1 + ℎ − 1

) − 0

ℎ
 

= lim
ℎ→0

 sin
1

ℎ
 

∴    𝑓′(1−) ≠ 𝑓′(1+) 

𝑓 is not differentiable at 𝑥 = 1 

Again, now 

𝑓′(0+) = lim
ℎ→0

 
(0 + ℎ − 1) sin (

1
0 + ℎ − 1

) − sin1

ℎ
 

= lim
ℎ→0

  
[− {(ℎ − 1) cos (

1
ℎ − 1

) × (
1

(ℎ − 1)2
)} + sin (

1
ℎ − 1

)]

1
 

[using L ‘Hospital’s rule] 

= cos 1 − sin1 

And 𝑓′(0−) = lim
ℎ→0

 
(0−ℎ−1) sin(

1

0−ℎ−1
)−sin1

−ℎ
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= lim
ℎ→0

  
(−ℎ − 1) cos (

1
−ℎ − 1

) (
1

(−ℎ − 1)2
) − sin (

1
−ℎ − 1

)

−1
 

[using L ‘Hospital’s rule] 

= cos 1 − sin1 

⇒   𝑓′(0−) = 𝑓′(0+) 

∴   𝑓 is differentiable at 𝑥 = 0 

17 (c) 

As 𝑓(𝑥) is continuous at 𝑥 =
𝜋

2
 

∴ lim
𝑥→

𝜋−
2

𝑓(𝑥) = lim
𝑥→

𝜋+
2

𝑓(𝑥) 

⇒ 𝑚
𝜋

2
+ 1 = sin

𝜋

2
+ 𝑛 ⇒ 𝑚

𝜋

2
+ 1 = 1 + 𝑛 ⇒ 𝑛 =

𝑚 𝜋

2
 

18 (d) 

Since, 
𝑓(6)−𝑓(1)

6−1
≥ 2      [∵    𝑓′(𝑥) =

𝑦2−𝑦1

𝑥2−𝑥1
] 

⇒    𝑓(6) − 𝑓(1) ≥ 10 

⇒ 𝑓(6) + 2 ≥ 10 

⇒   𝑓(6) ≥ 8 

19 (b) 

We have, 

lim
𝑥→𝑎−

𝑓(𝑥)  𝑔(𝑥) = lim
𝑥→𝑎−

𝑓(𝑥) . lim
𝑥→𝑎−

𝑔(𝑥) = 𝑚 × 𝑙 = 𝑚𝑙 

and, 

lim
𝑥→𝑎+

𝑓(𝑥)  𝑔(𝑥) = lim
𝑥→𝑎+

𝑓(𝑥) lim
𝑥→𝑎+

𝑔(𝑥) = 𝑙𝑚 

∴ lim
𝑥→𝑎−

𝑓(𝑥)  𝑔(𝑥) = lim
𝑥→𝑎+

𝑓(𝑥)  𝑔(𝑥) = 𝑙𝑚 

Hence, lim
𝑥→𝑎

𝑓(𝑥)  𝑔(𝑥) exists and is equal to 𝑙𝑚 

20 (c) 

We have, 

𝑓′(𝑥) = lim
ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
 

⇒ 𝑓′(𝑥) = lim
ℎ→0

𝑓(𝑥)𝑓(ℎ) − 𝑓(𝑥)

ℎ
 

⇒ 𝑓′(𝑥) = 𝑓(𝑥) lim
ℎ→0

𝑓(ℎ) − 1

ℎ
        [∵ 𝑓(𝑥 + 𝑦) = 𝑓(𝑥)𝑓(𝑦)] 

⇒ 𝑓′(𝑥) = 𝑓(𝑥) {lim
ℎ→0

1 + ℎ 𝑔(ℎ) − 1

ℎ
}     [∵ 𝑓(𝑥) = 1 + 𝑥 𝑔(𝑥)] 

⇒ 𝑓′(𝑥) = 𝑓(𝑥) lim
ℎ→0

𝑔(ℎ) = 𝑓(𝑥) ∙ 1 = 𝑓(𝑥) 
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1 (a) 

We have, 𝑓(𝑥) = {
𝑥2,   𝑥 ≥ 0

−𝑥2,    𝑥 < 0
 

Clearly, 𝑓(𝑥) is differentiable for all 𝑥 > 0 and for all𝑥 < 0. So, we check the differentiable at 𝑥 = 0 

Now, (RHD at 𝑥 = 0) 

(
𝑑

𝑑𝑥
(𝑥)2)

𝑥=0
= (2𝑥)𝑥=0 = 0 

And (LHD at = 0) 

(
𝑑

𝑑𝑥
(−𝑥)2)

𝑥=0
= (−2𝑥)𝑥=0 = 0 

∴   (LHD at 𝑥 = 0)=(RHD at 𝑥 = 0) 

So, 𝑓(𝑥) is differentiable for all 𝑥 𝑖𝑒, the set of all points where 𝑓(𝑥) is differentiable is (−∞,∞) 

Alternate 

It is clear from the graph 𝑓(𝑥) is differentiable everywhere. 

 
2 (a) 

Since, 𝑓′(0) = lim
𝑥→0

𝑓(𝑥)−𝑓(0)

𝑥−0
= 10 

⇒  lim
ℎ→0

  
𝑓(0 + ℎ) − 𝑓(0)

ℎ
= 10 

⇒ 𝑓(0) (lim
ℎ→0

𝑓(ℎ)−1

ℎ
) = 10    ...(i) 

[∵    𝑓(0 + ℎ) = 𝑓(0)𝑓(ℎ), given]  

Now, 𝑓(0) = 𝑓(0)𝑓(0) 

⇒ 𝑓(0) = 1 

∴ From Eq. (i) 

lim
ℎ→0

 
𝑓(ℎ)−1

ℎ
= 10    ...(ii) 

Topic :-   CONTINUITY AND DIFFERENTIABILITY 
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Now, 𝑓′(6) = lim
ℎ→0

𝑓(6+ℎ)−𝑓(6)

ℎ
 

= lim
𝑥→0

 (
𝑓(ℎ)−1

ℎ
) 𝑓(6)   [from Eq. (ii)] 

= 10 × 3 = 30 

3 (a) 

We have, 

𝑓′(𝑎+) = lim
𝑥→𝑎+

𝑓(𝑥) − 𝑓(0)

𝑥 − 𝑎
 

⇒ 𝑓′(𝑎+) = lim
𝑥→𝑎+

|𝑥 − 𝑎|ϕ(𝑥)

𝑥 − 𝑎
 

⇒ 𝑓′(𝑎+) = lim
𝑥→𝑎

(𝑥 − 𝑎)

(𝑥 − 𝑎)
ϕ(𝑥)    [∵ 𝑥 > 𝑎 ∴ |𝑥 − 𝑎| = 𝑥 − 𝑎] 

⇒ 𝑓′(𝑎+) = lim
𝑥→𝑎

ϕ(𝑥) 

⇒ 𝑓′(𝑎+) = ϕ(𝑎)       [∵ ϕ(𝑥) is continuous at 𝑥 = 𝑎] 

and, 

𝑓′(𝑎−) = lim
𝑥→𝑎−

𝑓(𝑥) − 𝑓(0)

𝑥 − 𝑎
 

⇒ 𝑓′(𝑎−) = lim
𝑥→𝑎−

|𝑥 − 𝑎|ϕ(𝑥)

𝑥 − 𝑎
 

⇒ 𝑓′(𝑎−) = lim
𝑥→𝑎

(𝑥 − 𝑎)ϕ(𝑥)

(𝑥 − 𝑎)
    [∵ 𝑥 < 𝑎 ∴ |𝑥 − 𝑎| = −(𝑥 − 𝑎)] 

⇒ 𝑓′(𝑎−) = − lim
𝑥→𝑎

ϕ(𝑥) 

⇒ 𝑓′(𝑎−) = −ϕ(𝑎)       [∵ ϕ(𝑥) is continuous at 𝑥 = 𝑎] 

4 (b) 

LHL= lim
ℎ→0

(0 − ℎ)𝑒
−(

1

|−ℎ|
+

1

(−ℎ)
)
= lim

ℎ→0
(−ℎ) = 0 

RHL= lim
ℎ→0

(0 + ℎ)𝑒
−(

1

|ℎ|
+
1

(ℎ)
)
= lim

ℎ→0

ℎ

𝑒2/ℎ
= 0 

LHL=RHL= 𝑓(0) 

Therefore, 𝑓(𝑥) is continuous for all 𝑥 

Differentiability at 𝑥 = 0 

𝐿𝑓′(0) = lim
ℎ→0

(−ℎ)𝑒
−(
1
ℎ
−
1
ℎ
)

(−ℎ) − 0
= 1 

𝑅𝑓’(0) =  lim
ℎ→0

ℎ𝑒
−(
1
ℎ
+
1
ℎ
)−0

ℎ−0
  

= lim
ℎ→0

1

𝑒2/ℎ
= 0 

⇒   𝑅𝑓′(0)𝐿𝑓′(0) 

Therefore, 𝑓(𝑥) is not differentiable at 𝑥 = 0 

5 (d) 

We have, 

𝑓(𝑥) = {
3, 𝑥 < 0

2𝑥 + 1, 𝑥 ≥ 0
 

Clearly, 𝑓 is continuous but not differentiable at 𝑥 = 0 
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Now, 

𝑓(|𝑥|) = 2|𝑥| + 1 for all 𝑥 

Clearly, 𝑓(|𝑥|) is everywhere continuous but not differentiable at 𝑥 = 0 

7 (c) 

We have, 

𝑓(𝑥) = |𝑥 − 0.5| + |𝑥 − 1| + tan 𝑥 , 0 < x < 2 

⇒ 𝑓(𝑥) = {
−2𝑥 + 1.5 + tan 𝑥 , 0 < 𝑥 < 0.5

0.5 + tan 𝑥 , 0.5 ≤ 𝑥 < 1
2𝑥 − 1.5 + tan 𝑥 , 1 ≤ 𝑥 < 2

 

It is evident from the above definition that 

𝐿𝑓′(0.5) ≠ 𝑅𝑓′(0.5) and 𝐿𝑓′(1) ≠ 𝑅𝑓′(1) 

Also, the function is not continuous at = 𝜋/2 . So, it cannot be differentiable thereat 

8 (d) 

Given, 𝑓(𝑥) = {
log(1−3𝑥)(1 + 3𝑥), for 𝑥 ≠ 0

𝑘,                      for 𝑥 = 0
  

lim
𝑥→0

  𝑓(𝑥) = lim
𝑥→0

log(1 + 3𝑥)

log(1 − 3𝑥)
 

= −lim
𝑥→0

log(1 + 3𝑥)

3𝑥
.

(−3𝑥)

log(1 − 3𝑥)
 

= −1 

And 𝑓(0) = 𝑘 

∵ 𝑓(𝑥) is continuous at 𝑥 = 0  

∴     𝑘 = −1 

9 (d) 

Since 𝑓(𝑥) is differentiable at 𝑥 = 𝑐. Therefore, it is continuous at 𝑥 = 𝑐 

Hence, lim
𝑥→𝑐

𝑓(𝑥) = 𝑓(𝑐) 

10 (a) 

Given, 𝑓(𝑥) = 𝑎𝑒|𝑥| + 𝑏 |𝑥|2 

We know 𝑒|𝑥| is not differentiable at 𝑥 = 0 and |𝑥|2 is differentiable at 𝑥 = 0 

∴   𝑓(𝑥) is differentiable at 𝑥 = 0, if 𝑎 = 0 and 𝑏 ∈ 𝑅 

11 (a) 

We have, 

𝑓(𝑥) = {
(𝑥 − 𝑥)(−𝑥) = 0, 𝑥 < 0

(𝑥 + 𝑥)𝑥 = 2𝑥2, 𝑥 ≥ 0
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As is evident from the graph of 𝑓(𝑥) that it is continuous and differentiable for all 𝑥 

Also, we have 

𝑓′′(𝑥) = {
0, 𝑥 < 0
4𝑥, 𝑥 ≥ 0

 

Clearly, 𝑓′′(𝑥) is continuous for all 𝑥 but it is not differentiable at 𝑥 = 0  

12 (b) 

Given, 𝑓(𝑥) = {

𝑥−1

2𝑥2−7𝑥+5
,     𝑥 ≠ 1

−
1

3
,     𝑥 = 1

 

𝑓(𝑥) = {

1

2𝑥 − 5
,    𝑥 ≠ 1

−
1

3
,        𝑥 = 1

 

𝑓′(1) = lim
ℎ→0

𝑓(1 + ℎ) − 𝑓(1)

ℎ
 

= lim
ℎ→0

1
2(1 + ℎ) − 5

− (−
1
3)

ℎ
 

= lim
ℎ→0

1
2ℎ − 3

+
1
3

ℎ
= lim

ℎ→0

3 + 2ℎ − 3

3ℎ(2ℎ − 3)
= −

2

9
 

𝐿𝑓′(1) = lim
ℎ→0

𝑓(1 − ℎ) − 𝑓(1)

−ℎ
 



23 
 

= lim
ℎ→0

1
2(1 − ℎ) − 5

− (−
1
3
)

−ℎ
 

= lim
ℎ→0

−
2

3(2ℎ + 3)
= −

2

9
 

∴   𝑓′(1) = −
2

9
 

13 (b) 

𝑓′(1) = lim
ℎ→0

𝑓(1 + ℎ) − 𝑓(1)

ℎ
= lim

ℎ→0

𝑓(1 + ℎ)

ℎ
− lim
ℎ→0

𝑓(1)

ℎ
 

Given, lim
ℎ→0

 
𝑓(1+ℎ)

ℎ
= 5 

So, lim
ℎ→0

 
𝑓(1)

ℎ
 must be finite as 𝑓′(1) exist and lim

ℎ→0
 
𝑓(1)

ℎ
 can be finite only, if 𝑓(1) = 0 and lim

ℎ→0
 
𝑓(1)

ℎ
= 0 

So, 𝑓′(1) = lim
ℎ→0

 
𝑓(1+ℎ)

ℎ
= 5 

14 (c) 

Since, 𝑓(𝑥) is continuous for every value of 𝑅 except {-1, -2}. Now, we have to check that points 

At 𝑥 = −2 

LHL= lim
ℎ→0

(−2−ℎ)+2

(−2−ℎ)2+3(−2−ℎ)+2
  

= lim
ℎ→0

−ℎ

ℎ2 + ℎ
= −1 

RHL= lim
ℎ→0

(−2+ℎ)+2

(−2+ℎ)2+3(−2+ℎ)+2
 

= lim
ℎ→0

ℎ

ℎ2 − ℎ
= −1 

⇒ LHL=RHL=𝑓(−2) 

∴ It is continuous at 𝑥 = −2 

Now, check for 𝑥 = −1 

LHL= lim
ℎ→0

(−1−ℎ)+2

(−1−ℎ)2+3(−1−ℎ)+2
  

= lim
ℎ→0

1 − ℎ

ℎ2 − ℎ
= ∞ 

RHL= lim
ℎ→0

(−1+ℎ)+2

(−1+ℎ)2+3(−1+ℎ)+2
 

= lim
ℎ→0

1 + ℎ

ℎ2 + ℎ
= ∞ 

 

⇒ LHL=RHL≠ 𝑓(−1) 

∴  It is not continuous at 𝑥 = −1 

The required function is continuous in 𝑅 − {−1} 

15 (d) 

𝑓(0) = lim
𝑥→0

(𝑒𝑥 − 1)2

sin (
𝑥
𝑎) log (1 +

𝑥
4)

 

⇒           lim
𝑥→0

 (
𝑒𝑥 − 1

𝑥
)

2

.

𝑥
𝑎 . 𝑎

sin
𝑥
𝑎

.

𝑥
4 . 4

log (1 +
𝑥
4)
= 12 
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⇒           12. 𝑎. 4 = 12 

⇒                  𝑎 = 3 

16 (b) 

We have, 

𝑓(𝑥) =
𝑥

1 + 𝑥
+

𝑥

(𝑥 + 1)(2𝑥 + 1)
+

𝑥

(2𝑥 + 1)(3𝑥 + 1)
+⋯∞ 

⇒ 𝑓(𝑥) = lim
𝑛→∞

∑
𝑥

((𝑟 − 1)𝑥 + 1) (𝑟𝑥 + 1)

𝑛

𝑟=1

, for 𝑥 ≠ 0 

⇒ 𝑓(𝑥) = lim
𝑛→∞

∑{
1

(𝑟 − 1)𝑥 + 1
−

1

𝑟𝑥 + 1
}

𝑛

𝑟=1

, for 𝑥 ≠ 0 

⇒ 𝑓(𝑥) = lim
𝑛→∞

{1 −
2

𝑛𝑥 + 1
} = 1 , for 𝑥 ≠ 0 

For 𝑥 = 0, we have 𝑓(𝑥) = 0 

Thus, we have 𝑓(𝑥) = {
1, 𝑥 ≠ 0
0,   𝑥 = 0

 

Clearly, lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0+

𝑓(𝑥) ≠ 𝑓(0) 

So, 𝑓(𝑥) is not continuous at 𝑥 = 0 

17 (b) 

If possible, let 𝑓(𝑥) + 𝑔(𝑥) be continuous. Then, {𝑓(𝑥) + 𝑔(𝑥)} − 𝑓(𝑥) must be continuous 

⇒ 𝑔(𝑥) must be continuous 

This is a contradiction to the given fact that 𝑔(𝑥) is discontinuous 

Hence, 𝑓(𝑥) + 𝑔(𝑥) must be discontinuous  

18 (c) 

We have, 

𝑓(𝑥 + 𝑦) = 𝑓(𝑥)𝑓(𝑦) for all 𝑥, 𝑦 ∈ 𝑅 

∴ 𝑓(0) = 𝑓(0)𝑓(0) 

⇒ 𝑓(0){𝑓(0) − 1} = 0 

⇒ 𝑓(0) = 1            [∵ 𝑓(0) ≠ 1] 

Now, 

𝑓′(0) = 0 

⇒ lim
ℎ→0

𝑓(0 + ℎ) − 𝑓(0)

ℎ
= 2 

⇒ lim
ℎ→0

𝑓(ℎ)−1

ℎ
= 2      [∵ 𝑓(0) = 1]    ….(i) 

∴ 𝑓′(𝑥) = lim
ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
 

⇒ 𝑓′(𝑥) = lim
ℎ→0

𝑓(𝑥)𝑓(ℎ) − 𝑓(𝑥)

ℎ
     [∵ 𝑓(𝑥 + 𝑦) = 𝑓(𝑥)𝑓(𝑦)] 

⇒ 𝑓′(𝑥) = 𝑓(𝑥) {lim
ℎ→0

𝑓(ℎ)−1

ℎ
} = 2𝑓(𝑥)    [Using (i)] 

19 (b) 

We have, 
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𝑓(𝑥) = {

𝑥2

|𝑥|
, 𝑥 ≠ 0

0, 𝑥 = 0

 

⇒ 𝑓(𝑥) =

{
 
 

 
 
𝑥2

2
= 𝑥, 𝑥 > 0

0, 𝑥 = 0

𝑥2

−𝑥
= −𝑥, 𝑥 < 0

 

⇒ lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0

−𝑥 = 0, lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0

𝑥 = 0 and 𝑓(0) = 0 

So, 𝑓(𝑥) is continuous at 𝑥 = 0. Also, 𝑓(𝑥) is continuous for all other values of 𝑥 

Hence, 𝑓(𝑥) is everywhere continuous 

Clearly, 𝐿𝑓′(0) = −1 and 𝑅𝑓′(0) = 1 

Therefore, 𝑓(𝑥) is not differentiable at 𝑥 = 0 

20 (b) 

Since 𝑓(𝑥) is continuous at 𝑥 = 0 

∴ lim
𝑥→0

𝑓(𝑥) = 𝑓(0) ⇒ 𝑓(0) = 2      …(i) 

Now, using L’ Hospital’s rule, we have 

lim
𝑥→0

∫ 𝑓(𝑢)
𝑥

0
 𝑑𝑢

𝑥
= lim

𝑥→0

𝑓(𝑥)

1
= 𝑓(0)    [∵ 𝑓(𝑥) is continuous at 𝑥 = 0] 

⇒ lim
𝑥→0

∫ 𝑓(𝑢)
𝑥

0
 𝑑𝑢

𝑥
= 2        [Using (i)] 
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2 (c) 

𝑓′(2+) = lim
𝑥→2+

(
𝑓(𝑥) − 𝑓(2)

𝑥 − 2
) 

= lim
𝑥→2+

3𝑥 + 4 − (6 + 4)

𝑥 − 2
= lim

𝑥→2

3𝑥 − 6

𝑥 − 2
= 3 

3 (a) 

Here, 𝑓(𝑥) = {
sin 𝑥, 𝑥 > 0
0, 𝑥 = 0

− sin 𝑥,   𝑥 < 0
 

RHD= lim
ℎ→0

 
sin|0+ℎ|−sin(0)

ℎ
 

= lim
ℎ→0

  
sin ℎ

ℎ
= 1 

LHD= lim
ℎ→0

sin|(0−ℎ)|−sin(0)

−ℎ
 

=
−sinℎ

ℎ
= −1 

∴ LHD≠RHD at 𝑥 = 0 

∴   𝑓(𝑥) is not derivable at 𝑥 = 0 

Alternate 

 
It is clear from the graph that 𝑓(𝑥) is not differentiable at 𝑥 = 0 

4 (b) 

We have, 

𝑓(𝑥) = ∑
𝑥𝑛

𝑛!

∞

𝑛=0

(log𝑒 𝑎)
𝑛 

Topic :-   CONTINUITY AND DIFFERENTIABILITY 
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⇒ 𝑓(𝑥) = ∑
(𝑥 log𝑒𝑎)

𝑛

𝑛!

∞

𝑛=0

= ∑
(log𝑒 𝑎

𝑥)𝑛

𝑛!

∞

𝑛=0

 

⇒ 𝑓(𝑥) = 𝑒log𝑒 𝑎
𝑥
= 𝑎𝑥 , which is everywhere continuous and differentiable 

5 (c) 

𝑓(𝑥) = [𝑥] cos [
2𝑥 − 1

2
] 𝜋 

Since, [𝑥] is always discontinuous at all integer value, hence 𝑓(𝑥) is discontinuous for all integer 

value 

6 (c) 

The function f is clearly continuous for |𝑥| > 1 

We observe that 

lim
𝑥→−1+

𝑓(𝑥) = 1, lim
𝑥→−1−

𝑓(𝑥) =
1

4
 

Also, lim
𝑥→

1+
𝑛

𝑓(𝑥) =
1

𝑛2
 and, lim

𝑥→
1−
𝑛

𝑓(𝑥) =
1

(𝑛+1)2
 

Thus, 𝑓 is discontinuous for 𝑥 = ±
1

𝑛
, 𝑛 = 1, 2, 3,… 

7 (c) 

Since, |𝑓(𝑥) − 𝑓(𝑦)| ≤ (𝑥 − 𝑦)2 

⇒  lim
𝑥→𝑦

|𝑓(𝑥) − 𝑓(𝑦)|

|𝑥 − 𝑦|
≤ lim
𝑥→𝑦

 |𝑥 − 𝑦| 

⇒   |𝑓′(𝑦)| ≤ 0 

⇒   𝑓′(𝑦) = 0 

⇒   𝑓(𝑦) =constant 

⇒   𝑓(𝑦) = 0   ⇒    𝑓(1) = 0   [∵   𝑓(0) = 0, given] 

8 (b) 

Since ϕ(𝑥) = 2𝑥3 − 5 is an increasing function on (1, 2) such that ϕ(1) = −3 and ϕ(2) = 11 

Clearly, between −3 and 11 there are thirteen points where 𝑓(𝑥) = [2𝑥3 − 5] is discontinuous 

9 (c) 

Clearly, [𝑥2 + 1] is discontinuous at 𝑥 = √2, √3, √4, √5, √6, √7, √8 

Note that it is right continuous at 𝑥 = 1 but not left continuous at 𝑥 = 3 

10 (a) 

As is evident from the graph of 𝑓(𝑥) that it is continuous but not differentiable at 𝑥 = 1 

 
Now, 
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𝑓′′(1+) = lim
𝑥→1+

𝑓(𝑥) − 𝑓(1)

𝑥 − 1
 

⇒ 𝑓′′(1+) = lim
ℎ→0

𝑓(1 + ℎ) − 𝑓(1)

ℎ
 

⇒ 𝑓′′(1+) = lim
ℎ→0

log10(1 + ℎ) − 0

ℎ
 

⇒ 𝑓′′(1+) = lim
ℎ→0

log(1 + ℎ)

ℎ. log𝑒 10
=

1

log𝑒 10
= log10 𝑒 

𝑓′′(1−) = lim
𝑥→1+

𝑓(𝑥) − 𝑓(1)

𝑥 − 1
 

⇒ 𝑓′′(1−) = lim
ℎ→0

𝑓(1 − ℎ) − 𝑓(1)

ℎ
 

⇒ 𝑓′′(1−) = lim
ℎ→0

log10(1 − ℎ)

ℎ
= lim

ℎ→0

log𝑒(1 − ℎ)

ℎ log𝑒 10
= − log10 𝑒 

11 (b) 

It can be easily seen from the graph of 𝑓(𝑥) = | cos 𝑥 | that it is everywhere continuous but not 

differentiable at odd multiples of 𝜋/2 

12 (d) 

We have, 

lim
𝑥→4−

𝑓(𝑥) = lim
ℎ→0

𝑓(4 − ℎ) = lim
ℎ→0

4 − ℎ − 4

|4 − ℎ − 4|
+ 𝑎 

⇒ lim
𝑥→4−

𝑓(𝑥) = lim
ℎ→0

−
ℎ

ℎ
+ 𝑎 = 𝑎 − 1 

⇒ lim
𝑥→4−

𝑓(𝑥) = lim
ℎ→0

𝑓(4 + ℎ) = lim
ℎ→0

4 + ℎ − 4

|4 + ℎ − 4|
+ 𝑏 = 𝑏 + 1 

and, 𝑓(4) = 𝑎 + 𝑏 

Since 𝑓(𝑥) is continuous at 𝑥 = 4. Therefore, 

lim
𝑥→4−

𝑓(𝑥) = 𝑓(4) = lim
𝑥→4+

𝑓(𝑥) 

⇒ 𝑎 − 1 = 𝑎 + 𝑏 = 𝑏 + 1 ⇒ 𝑏 = −1 and 𝑎 = 1 

13 (b) 

We have, 

𝑓(𝑥) = {

2𝑥 − 1

√1 + 𝑥 − 1
,−1 ≤ 𝑥 < ∞, 𝑥 ≠ 0

𝑘,                     𝑥 = 0

 

Since, 𝑓(𝑥) is continuous everywhere 

∴     lim
𝑥→0−

𝑓(𝑥) = 𝑓(0)    ...(i) 

Now, lim
𝑥→0−

𝑓(𝑥) = lim
ℎ→0

2(0−ℎ)−1

√1+(0−ℎ)−1
 

= lim
ℎ→0

2−ℎ − 1

√1 − ℎ − 1
 

= lim
ℎ→0

−2−ℎ log𝑒 2
−1

2√1−ℎ

  [by L’ Hospital’s rule] 

= 2 lim
ℎ→0

 2−ℎ log𝑒 2√1 − ℎ 
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= 2 log𝑒 2 

From Eq. (i), 

𝑓(0) = 2 log𝑒 2 = log𝑒 4 

15 (b) 

We have, 

lim
𝑥→0−

𝑓(𝑥) = lim
ℎ→0

𝑓(−ℎ) = lim
ℎ→0

𝑒−1/ℎ − 1

𝑒−1/ℎ + 1
= −1 

and, 

lim
𝑥→0+

𝑓(𝑥) = lim
ℎ→0

𝑓(ℎ) = lim
𝑥→0

𝑒1/ℎ − 1

𝑒1/ℎ + 1
= lim

ℎ→0

𝑒−1/ℎ

𝑒−1/ℎ
= 1 

∴ lim
𝑥→0−

𝑓(𝑥) ≠ lim
𝑥→0+

𝑓(𝑥) 

Hence, 𝑓(𝑥) is not continuous at 𝑥 = 0 

16 (c) 

LHL= lim
𝑥→2−

𝑓(𝑥) = lim
ℎ→0

1 + (2 − ℎ) = 3 

RHL= lim
𝑥→2+

𝑓(𝑥) = lim
ℎ→0

5 − (2 + ℎ) = 3,    𝑓(2) = 3 

Hence, 𝑓 is continuous at 𝑥 = 2 

Now,  𝑅𝑓′′(2) = lim
ℎ→0

 
𝑓(2+ℎ)−𝑓(2)

ℎ
 

= lim
ℎ→0

5 − (2 + ℎ) − 3

ℎ
= −1 

𝐿𝑓′′(2) = lim
ℎ→0

𝑓(2 − ℎ) − 𝑓(2)

−ℎ
 

= lim
ℎ→0

 
1 + (2 − ℎ) − 3

−ℎ
= 1 

∴   𝑅𝑓′′(2) ≠ 𝐿𝑓′′(2) 

∴   𝑓 is not differentiable at 𝑥 = 2 

Alternate 

 
It is clear from the graph that 𝑓(𝑥) is continuous everywhere also it is differentiable everywhere 

except at 𝑥 = 2 

17 (d) 

We have, 

𝑓(𝑥 + 𝑦) = 𝑓(𝑥)𝑓(𝑦) for all 𝑥, 𝑦 ∈ 𝑅 

Putting 𝑥 = 1, 𝑦 = 0, we get 

𝑓(0) = 𝑓(1)𝑓(0) ⇒ 𝑓(0)(1 − 𝑓(1)) = 0 

⇒ 𝑓(1) = 1          [∵ 𝑓(0) ≠ 0] 

Now, 
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𝑓′(1) = 2 

⇒ lim
ℎ→0

𝑓(1 + ℎ) − 𝑓(1)

ℎ
= 2 

⇒ lim
ℎ→0

𝑓(1)𝑓(ℎ) − 𝑓(1)

ℎ
= 2 

⇒ 𝑓(1) lim
ℎ→0

𝑓(ℎ) − 1

ℎ
= 2 

⇒ lim
ℎ→0

𝑓(ℎ)−1

ℎ
= 2      [Using 𝑓(1) = 1]      …(i) 

∴ 𝑓′(4) = lim
ℎ→0

𝑓(4 + ℎ) − 𝑓(4)

ℎ
 

⇒ 𝑓′(4) = lim
ℎ→0

𝑓(4)𝑓(ℎ) − 𝑓(4)

ℎ
 

⇒ 𝑓′(4) = {lim
ℎ→0

𝑓(ℎ) − 1

ℎ
} 𝑓(4) 

⇒ 𝑓′(4) = 2 𝑓(4)        [From (i)] 

⇒ 𝑓′(4) = 2 × 4 = 8 

18 (d) 

We have, 

lim
𝑥→1−

𝑔(𝑥) = lim
𝑥→1+

𝑔(𝑥) = 1 and 𝑔(1) = 0 

So, 𝑔(𝑥) is not continuous at 𝑥 = 1 but lim
𝑥→1

𝑔(𝑥) exists 

We have, 

lim
𝑥→1−

𝑓(𝑥) = lim
ℎ→0

𝑓(1 − ℎ) = lim
ℎ→0

[1 − ℎ] = 0 

and, 

lim
𝑥→1+

𝑓(𝑥) = lim
ℎ→0

𝑓(1 + ℎ) = lim
ℎ→0

[1 + ℎ] = 1 

So,  lim
𝑥→1

𝑓(𝑥) does not exist and so 𝑓(𝑥) is not continuous at 𝑥 = 1 

We have, 𝑔𝑜𝑓(𝑥) = 𝑔(𝑓(𝑥)) = 𝑔([𝑥]) = 0, for all 𝑥 ∈ 𝑅 

So, 𝑔𝑜𝑓 is continuous for all 𝑥 

We have, 

𝑓𝑜𝑔(𝑥) = 𝑓(𝑔(𝑥)) 

⇒ 𝑓𝑜𝑔(𝑥) = {
𝑓(0), 𝑥 ∈ 𝑍

𝑓(𝑥2), 𝑥 ∈ 𝑅 − 𝑍
 

⇒ 𝑓𝑜𝑔(𝑥) = {
0, 𝑥 ∈ 𝑍

[𝑥2], 𝑥 ∈ 𝑅 − 𝑍
 

Which is clearly not continuous 

19 (d) 

At 𝑥 = 1, 

RHD= lim
ℎ→0+

𝑓(1+ℎ)−𝑓(1)

ℎ
 

= lim
ℎ→0

2 − (1 + ℎ) − (2 − 1)

ℎ
= −1 

LHD= lim
ℎ→0−

𝑓(1−ℎ)−𝑓(1)

−ℎ
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= lim
ℎ→0

(1 − ℎ) − (2 − 1)

−ℎ
= 1 

∴   LHD≠RHD 

20 (d) 

Given, 𝑓(𝑥) = |𝑥| +
|𝑥|

𝑥
 

Let 𝑓1(𝑥) = |𝑥|, 𝑓2(𝑥) =
|𝑥|

𝑥
 

1.  LHL= lim
𝑥→0−

𝑓1(𝑥) = lim
𝑥→0−

|𝑥| = 0 

And RHL lim
𝑥→0+

𝑓1(𝑥) = lim
𝑥→0+

|𝑥| = 0 

Here, LHL=RHL=𝑓(0), 𝑓1(𝑥) is continuous 

2. LHL= lim
𝑥→0−

|𝑥|

𝑥
= lim

ℎ→0

|0−ℎ|

0−ℎ
= −1 

RHL= lim
𝑥→0+

|𝑥|

𝑥
= lim

ℎ→0

|0+ℎ|

ℎ
= 1 

∴  LHL≠RHL, 𝑓2(𝑥) is discontinuous 

Hence, 𝑓(𝑥) is discontinuous at 𝑥 = 0 
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1 (a) 

From the graph it is clear that 𝑓(𝑥) is continuous everywhere but not differentiable at 𝑥 = 3 

 
2 (b) 

Given,  𝑓(𝑥) = {

2𝑥−3

2𝑥−3
,    if 𝑥 >

3

2
−(2𝑥−3)

2𝑥−3
,   if 𝑥 <

3

2

 

= {
1,   if   𝑥 >

3

2

−1,   if 𝑥 <
3

2

 

Now,  RHL= lim
𝑥→

3+

2

𝑓(𝑥) = lim
𝑥→

3+

2

 1 = 1 

And LHL= lim
𝑥→

3−

2

 𝑓(𝑥) = lim
𝑥→

3−

2

 (−1) = −1 

∵     RHL≠LHL 

∴    𝑓(𝑥) is discontinuous at 𝑥 =
3

2
 

3 (c) 

Since the functions (log 𝑡)2 and 
sin 𝑡

𝑡
 are not defined on (−1, 2). Therefore, the functions in options 

(a) and (b) are not defined on (−1, 2) 

The function 𝑔(𝑡) =
1−𝑡+𝑡2

1+𝑡+𝑡2
 is continuous on (−1, 2) and 

𝑓(𝑥) = ∫
1−𝑡+𝑡2

1+𝑡+𝑡2
𝑥

0
𝑑𝑡 is the integral function of 𝑔(𝑡) 

Therefore, 𝑓(𝑥) is differentiable on (−1, 2) such that 𝑓′(𝑥) = 𝑔(𝑥) 

4 (c) 

Since,  𝑓(𝑥) =
1−tan𝑥

4𝑥−𝜋
 

Now,  lim
𝑥→𝜋/4

𝑓(𝑥) = lim
𝑥→𝜋/4

(
1−tan𝑥

4𝑥−𝜋
) 

Topic :-   CONTINUITY AND DIFFERENTIABILITY 

SOLUTIONS 



35 
 

= lim
𝑥→𝜋/4

 (
– sec2 𝑥

4
) = −

1

2
 

Since, 𝑓(𝑥) is continuous at 

𝑥 =
𝜋

4
 

∴    lim
𝑥→𝜋/4

𝑓(𝑥) = 𝑓 (
𝜋

4
) = −

1

2
 

5 (a) 

lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

 
1 − cos 𝑥

𝑥
= lim

𝑥→0

2 sin2
𝑥
2

4 (
𝑥
2
)
2 . 𝑥 = 0 

Also,  𝑓(0) = 𝑘 

For,  lim
𝑥→0

  𝑓(𝑥) = 𝑓(0)    ⇒  𝑘 = 0 

6 (a) 

We have, 

𝑓(𝑥) = |𝑥| + |𝑥 − 1| 

⇒ 𝑓(𝑥) = {
−2𝑥 + 1, 𝑥 < 0

𝑥 − 𝑥 + 1, 0 ≤ 𝑥 < 1
𝑥 + 𝑥 − 1, 𝑥 ≥ 1

 

⇒ 𝑓(𝑥) = {
−2𝑥 + 1, 𝑥 < 0
1, 0 ≤ 𝑥 < 1
2𝑥 − 1, 𝑥 ≥ 1

 

Clearly, lim
𝑥→0−

𝑓(𝑥) = 1 = lim
𝑥→0+

𝑓(𝑥) and lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1+

𝑓(𝑥) 

So, 𝑓(𝑥) is continuous at 𝑥 = 0, 1 

7 (d) 

𝑓(0) = lim
𝑥→0

2𝑥 − sin−1 𝑥

2𝑥 + tan−1 𝑥
 

= lim
𝑥→0

2 −
sin−1 𝑥
𝑥

2 +
tan−1 𝑥
𝑥

 

=
2 − 1

2 + 1
=
1

3
 

9 (b) 

𝑓′(1) = lim
ℎ→0

 
𝑓(1+ℎ)−𝑓(1)

ℎ
  

= lim
ℎ→0

 

1 + ℎ − 1
2(1 + ℎ)2 − 7(1 + ℎ) + 5

—(
1
3) 

ℎ
 

= lim
ℎ→0

(
1

2ℎ − 3
+
1
3)

ℎ
= lim

ℎ→0
(

2ℎ

3ℎ(2ℎ − 3)
) = −

2

9
 

10 (a) 

LHL= lim
ℎ→0

𝑓 (−
𝜋

2
− ℎ) = lim

ℎ→0
2 cos (−

𝜋

2
− ℎ) = 0 
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RHL= lim
ℎ→0

𝑓 (−
𝜋

2
+ ℎ) = lim

ℎ→0
2 𝑎 sin (−

𝜋

2
+ ℎ) + 𝑏 

= −𝑎 + 𝑏 

Since, function is continuous. 

∴    RHL=LHL    ⇒    𝑎 = 𝑏 

From the given options only (a) 𝑖𝑒, (
1

2
,
1

2
) satisfies this condition 

11 (a) 

We have, 

𝑓′(0) = 3 

⇒ lim
𝑥→0

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= 3 

⇒ lim
ℎ→0

𝑓(0 + ℎ) − 𝑓(0)

ℎ
= 3     [Using: (RHD at 𝑥 = 0) = 3] 

⇒ lim
ℎ→0

𝑓(0)𝑓(ℎ) − 𝑓(0)

ℎ
= 3     [

∵ 𝑓(𝑥 + 𝑦) = 𝑓(𝑥)𝑓(𝑦)

∴ 𝑓(0 + ℎ) = 𝑓(0)𝑓(ℎ)
] 

⇒ 𝑓(0) (lim
ℎ→0

𝑓(ℎ)−1

ℎ
) = 3      …(i) 

Now, 𝑓(𝑥 + 𝑦) = 𝑓(𝑥)𝑓(𝑦) for all 𝑥, 𝑦 ∈ 𝑅 

⇒ 𝑓(0) = 𝑓(0)𝑓(0) 

⇒ 𝑓(0){1 − 𝑓(0)} = 0 ⇒ 𝑓(0) = 1 

Putting 𝑓(0) = 1 in (i), we get 

lim
ℎ→0

𝑓(ℎ)−1

ℎ
= 3        …(ii) 

Now, 

𝑓′(5) = lim
ℎ→0

𝑓(5 + ℎ) − 𝑓(5)

ℎ
 

⇒ 𝑓′(5) = lim
ℎ→0

𝑓(5)𝑓(ℎ) − 𝑓(5)

ℎ
 

⇒ 𝑓′(5) = {lim
ℎ→0

𝑓(ℎ)−1

ℎ
} 𝑓(5) = 3 × 2 = 6       [Using (ii)] 

12 (c) 

We have, 

𝑓′(𝑥) = lim
ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
 

⇒ 𝑓(𝑥)′ = lim
ℎ→0

𝑓(𝑥) + 𝑓(ℎ) − 𝑓(𝑥)

ℎ
 

⇒ 𝑓(𝑥)′ = lim
ℎ→0

𝑓(ℎ)

ℎ
 

⇒ 𝑓(𝑥)′ = lim
ℎ→0

ℎ 𝑔 (ℎ)

ℎ
lim
ℎ→0

𝑔(ℎ) = 𝑔(0)     [∵ 𝑔 is conti. at 𝑥 = 0] 

13 (b) 

The domain of 𝑓(𝑥) is [2,∞) 

We have, 

𝑓(𝑥) = √
(√2𝑥 − 4)

2

2
+ 2 + 2 √2𝑥 − 4 
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+√
(√2𝑥 − 4)

2

2
+ 2 − 2 √2𝑥 − 4 

⇒ 𝑓(𝑥) =
1

√2
√(√2𝑥 − 4)

2
+ 4√2𝑥 − 4 + 4 

+
1

√2
√(√2𝑥 − 4)

2
− 4√2𝑥 − 4 + 4 

⇒ 𝑓(𝑥) =
1

√2
|√2 𝑥 − 4 + 2| +

1

√2
|√2𝑥 − 4 − 2| 

⇒ 𝑓(𝑥) = {

1

√2
× 4, if √2𝑥 − 4 < 2

√2 ∙ √2𝑥 − 4, if √2𝑥 − 4 ≥ 2

 

⇒ 𝑓(𝑥) = {
2√2, if 𝑥 ∈ [2, 4)

2 √𝑥 − 2, if 𝑥 ∈ [4,∞)
 

Hence, 𝑓′(𝑥) = {
0  if 𝑥 ∈ [2, 4)
1

√𝑥−2
  if 𝑥 ∈ (4,∞)

 

14 (c) 

We have, 

lim
𝑥→0

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= lim

𝑥→0

𝑥2 sin (
1
𝑥)

𝑥
= lim

𝑥→0
𝑥 sin

1

𝑥
= 0 

So, 𝑓(𝑥) is differentiable at 𝑥 = 0 such that 𝑓′(0) = 0 

For 𝑥 ≠ 0, we have 

𝑓′(𝑥) = 2 𝑥 sin (
1

𝑥
) + 𝑥2 cos (

1

𝑥
) (−

1

𝑥2
) 

⇒ 𝑓′(𝑥) = 2 𝑥 sin
1

𝑥
− cos

1

𝑥
 

⇒ lim
𝑥→0

𝑓′(𝑥) = lim
𝑥→0

2 𝑥 sin
1

𝑥
− lim
𝑥→0

cos (
1

𝑥
) = 0 − lim

𝑥→0
cos (

1

𝑥
) 

Since lim
𝑥→0

cos (
1

𝑥
) does not exist 

∴ lim
𝑥→0

𝑓′(𝑥) does not exist 

Hence, 𝑓′(𝑥) is not continuous at 𝑥 = 0 

15 (c) 

We have, 

𝑓(𝑥) = {

𝑥

√𝑥2
, 𝑥 ≠ 0

0, 𝑥 = 0
 

⇒ 𝑓(𝑥) = {

𝑥

|𝑥|
, 𝑥 ≠ 0

0, 𝑥 = 0
= {

1, 𝑥 > 0
−1, 𝑥 < 0
0, 𝑥 = 0

 

CLearly, 𝑓(𝑥) is not continuous at 𝑥 = 0 

17 (c) 

Given, lim
𝑥→0

[(1 + 3𝑥)
1

𝑥] = 𝑘 
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∴     𝑒3 = 𝑘 

18 (b) 

For 𝑥 > 2, we have 

𝑓(𝑥) = ∫{5 + |1 − 𝑡|}𝑑𝑡

𝑥

0

 

⇒ 𝑓(𝑥) = ∫(5 + (1 − 𝑡)𝑑𝑡

1

0

+∫ (5 − (1 − 𝑡)
𝑥

1

𝑑𝑡 

⇒ 𝑓(𝑥) = ∫ (6 − 𝑡)𝑑𝑡
1

0

+∫ (4 + 𝑡)𝑑𝑡
𝑥

1

 

⇒ 𝑓(𝑥) = [6𝑡 −
𝑡2

2
]
0

1

+ [4𝑡 +
𝑡2

2
]
1

𝑥

 

⇒ 𝑓(𝑥) = 1 + 4𝑥 +
𝑥2

2
 

Thus, we have 

𝑓(𝑥) = {

5𝑥 + 1, if 𝑥 ≤ 2

𝑥2

2
+ 4𝑥 + 1, if 𝑥 > 2

 

Clearly, 𝑓(𝑥) is everywhere continuous and differentiable except possibly at 𝑥 = 2 

Now, 

lim
𝑥→2−

𝑓(𝑥) = lim
𝑥→2

5𝑥 + 1 = 11 

and, 

lim
𝑥→2+

𝑓(𝑥) = lim
𝑥→2

(
𝑥2

2
+ 4𝑥 + 1) = 11 

∴ lim
𝑥→2−

𝑓(𝑥) = lim
𝑥→2+

𝑓(𝑥) 

So, 𝑓(𝑥) is continuous at 𝑥 = 2 

Also, we have (LHD at 𝑥 = 2) = lim
𝑥→2−

𝑓′(𝑥) = lim
𝑥→2

5 = 5 

19 (b) 

The given function is clearly continuous at all points except possibly at 𝑥 = ±1 

For 𝑓(𝑥) to be continuous at 𝑥 = 1, we must have 

lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1+

𝑓(𝑥) = 𝑓(1) 

⇒ lim
𝑥→1

𝑎𝑥2 + 𝑏 = lim
𝑥→1

1

|𝑥|
 

⇒ 𝑎 + 𝑏 = 1        …(i) 

Clearly, 𝑓(𝑥) is differentiable for all 𝑥, except possibly at 𝑥 = ±1. As 𝑓(𝑥) is an even function, so we 

need to check its differentiability at 𝑥 = 1 only 

For 𝑓(𝑥) to be differentiable at 𝑥 = 1, we must have 

lim
𝑥→1−

𝑓(𝑥) − 𝑓(1)

𝑥 − 1
= lim

𝑥→1+

𝑓(𝑥) − 𝑓(1)

𝑥 − 1
 

⇒ lim
𝑥→1

𝑎𝑥2 + 𝑏 − 1

𝑥 − 1
= lim

𝑥→1

1
|𝑥|

− 1

𝑥 − 1
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⇒ lim
𝑥→1

𝑎𝑥2 − 𝑎

𝑥 − 1
= lim

𝑥→1

1
𝑥
− 1

𝑥 − 1
       [∵ 𝑎 + 𝑏 = 1 ∴ 𝑏 − 1 = −𝑎] 

⇒ lim
𝑥→1

𝑎(𝑥 + 1) = lim
𝑥→1

−1

𝑥
 

⇒ 2𝑎 = −1 ⇒ 𝑎 = −1/2 

Putting 𝑎 = −1/2 in (i), we get 𝑏 = 3/2 

20 (c) 

At no point, function is continuous 
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1 (a) 

It is clear from the figure that 𝑓(𝑥) is continuous everywhere and not differentiable at 𝑥 = 0 due to 

sharp edge 

 
2 (c) 

𝑓(𝑥) =
√𝑎2 − 𝑎𝑥 + 𝑥2 − √𝑎2 + 𝑎𝑥 + 𝑥2

√𝑎 + 𝑥 − √𝑎 − 𝑥
×
√𝑎2 − 𝑎𝑥 + 𝑥2 + √𝑎2 + 𝑎𝑥 + 𝑥2

√𝑎2 − 𝑎𝑥 + 𝑥2 + √𝑎2 + 𝑎𝑥 + 𝑥2
×
√𝑎 + 𝑥 + √𝑎 − 𝑥

√𝑎 + 𝑥 + √𝑎 − 𝑥
 

⇒ lim
𝑥→0

 𝑓(𝑥) 

= lim
𝑥→0

 
−2𝑎𝑥(√𝑎 + 𝑥 + √𝑎 − 𝑥)

2𝑥 (√𝑎2 − 𝑎𝑥 + 𝑥2 +√𝑎2 + 𝑎𝑥 + 𝑥2)
 

=
−𝑎(2√𝑎)

(𝑎 + 𝑎)
= −√𝑎 

3 (b) 

Given, 𝑓(𝑥) = {
1−cos4𝑥

8𝑥2
, 𝑥 ≠ 0

𝑘    𝑥 = 0
 

LHL= lim
𝑥→0−

  𝑓(𝑥) 

= lim
ℎ→0

 
1 − cos 4(0 − ℎ)

8(0 − ℎ)2
  

= lim
ℎ→0

1 − sin4ℎ

8ℎ2
 

= lim
ℎ→0

4sin4ℎ

16ℎ
= 1  [by L ‘Hospital’s rule] 

Since, 𝑓(𝑥) is continuous at 𝑥 = 0 

∴     𝑓(0) =LHL  ⇒     𝑘 = 1 

Topic :-   CONTINUITY AND DIFFERENTIABILITY 

SOLUTIONS 
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4 (d) 

Given, 𝑓(𝑥) = |𝑥 − 1| + |𝑥 − 2| + cos 𝑥 

Since, |𝑥 − 1|, |𝑥 − 2| and cos𝑥 are continuous in [0, 4] 

∴   𝑓(𝑥) being sum of continuous functions is also continuous 

5 (c) 

If function 𝑓(𝑥) is continuous at 𝑥 = 0, then 

𝑓(0) = lim
𝑥→0

𝑓(𝑥) 

∴    𝑓(0) = 𝑘 = lim
𝑥→0

𝑥 sin
1

𝑥
 

⇒ 𝑘 = 0              [∵ −1 ≤ sin
1

𝑥
≤ 1] 

6 (b) 

We have, 

ℎ(𝑥) = {𝑓(𝑥)}2 + {𝑔(𝑥)}2 

⇒ ℎ′(𝑥) = 2𝑓(𝑥)2𝑓′(𝑥) + 2 𝑔(𝑥) 𝑔′(𝑥) 

Now, 

𝑓′(𝑥) = 𝑔(𝑥) and 𝑓′′(𝑥) = −𝑓(𝑥) 

⇒ 𝑓′′(𝑥) = 𝑔′(𝑥) and 𝑓′′(𝑥) = −𝑓(𝑥) 

⇒ −𝑓(𝑥) = 𝑔′(𝑥) 

Thus, we have 

𝑓′(𝑥) = 𝑔(𝑥) and 𝑔′(𝑥) = −𝑓(𝑥) 

∴ ℎ′(𝑥) = −2 𝑔(𝑥)𝑔′(𝑥) + 2 𝑔 (𝑥)𝑔′(𝑥) = 0, for all 𝑥 

⇒ ℎ(𝑥) = Constant for all 𝑥 

But, ℎ(5) = 11. Hence, ℎ(𝑥) = 11 for all 𝑥 

7 (a) 

𝑓(𝑥) = |𝑥|3 = {

0,   𝑥 = 0

𝑥3,   𝑥 > 0

−𝑥3,    𝑥 < 0

 

Now,  𝑅𝑓′(0) = lim
ℎ→0

 
ℎ3−0

ℎ
= 0 

And  𝐿𝑓′(0) = lim
ℎ→0

 
−ℎ3−0

−ℎ
= 0 

∵   𝑅𝑓′(0) = 𝐿𝑓′(0) = 0 

∴   𝑓′(0) = 0 

8 (b) 

We have, 

(LHL at 𝑥 = 0) = lim
𝑛→0−

𝑓(𝑥) = lim
ℎ→0

𝑓(0 − ℎ) 

⇒ (LHL at 𝑥 = 0) = lim
𝑛→0

sin−1(cos  (−ℎ)) = lim
ℎ→0

sin−1(coshℎ) 

⇒ (LHL at 𝑥 = 0) = sin−1 1 = 𝜋/2 

(RHL at 𝑥 = 0) = lim
𝑥→0+

𝑓(𝑥) 

⇒ (RHL at 𝑥 = 0) = lim
ℎ→0

𝑓(0 + ℎ) = lim
ℎ→0

sin−1(cos ℎ) 

⇒ (RHL at 𝑥 = 0) = sin−1(1) = 𝜋/2 

and, 𝑓(0) = sin−1(cos 0) = sin−1(1) = 𝜋/2 
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∴ (LHL at 𝑥 = 0) = (RHL at 𝑥 = 0) = 𝑓(0) 

So, 𝑓(𝑥) is continuous at 𝑥 = 0 

Now, 

𝑓′(𝑥) =
−sin 𝑥

√1 − cos2 𝑥
=

sin𝑥

| sin 𝑥 |
= {

−sin𝑥

− sin𝑥
= 1, 𝑥 < 0

− sin 𝑥

sin𝑥
= −1, 𝑥 > 0

 

∴ (LHD at 𝑥 = 0) = 1 and (RHD at 𝑥 = 0) = −1 

Hence, 𝑓(𝑥) is not differentiable at 𝑥 = 0 

9 (d) 

For any 𝑥 ≠ 1, 2, we find that 𝑓(𝑥) is the quotient of two polynomials and a polynomial is 

everywhere continuous. Therefore, 𝑓(𝑥) is continuous for all 𝑥 ≠ 1, 2 

Continuity at 𝑥 = 1: 

We have, 

lim
𝑥→1−

𝑓(𝑥) = lim
ℎ→0

𝑓(1 − ℎ) 

⇒ lim
𝑥→1−

𝑓(𝑥) = lim
ℎ→0

(1 − ℎ − 2)(1 − ℎ + 2)(1 − ℎ + 1)(1 − ℎ − 1)

|(1 − ℎ − 1)(1 − ℎ − 2)|
 

⇒ lim
𝑥→1−

𝑓(𝑥) = lim
ℎ→0

(3 − ℎ)(2 − ℎ)(−1 − ℎ)(−ℎ)

|(−ℎ)(−1 − ℎ)|
 

⇒ lim
𝑥→1−

𝑓(𝑥) = lim
ℎ→0

(3 − ℎ)(2 − ℎ)ℎ(ℎ + 1)

ℎ(ℎ + 1)
= 6 

and, 

lim
𝑥→1+

𝑓(𝑥) = lim
ℎ→0

𝑓(1 + ℎ) 

lim
𝑥→1+

𝑓(𝑥) = lim
ℎ→0

(1 + ℎ − 2)(1 + ℎ + 2)(1 + ℎ + 1)(1 + ℎ − 1)

|(1 + ℎ − 1)(1 + ℎ − 2)|
 

lim
𝑥→1+

𝑓(𝑥) = lim
ℎ→0

(ℎ − 1)(3 + ℎ)(2 + ℎ)(ℎ)

|ℎ(ℎ − 1)|
 

lim
𝑥→1+

𝑓(𝑥) = −lim
ℎ→0

(ℎ − 1)(3 + ℎ)(2 + ℎ)ℎ

ℎ(1 − ℎ)
= −6 

∴ lim
𝑥→1−

𝑓(𝑥) ≠ lim
𝑥→1+

𝑓(𝑥) 

So, 𝑓(𝑥) is not continuous at 𝑥 = 1 

Similarly, 𝑓(𝑥) is not continuous at 𝑥 = 2 

10 (b) 

Let 𝑓(𝑥) =
𝑔(𝑥)

ℎ(𝑥)
=

𝑥

1+|𝑥|
 

It is clear that 𝑔(𝑥) = 𝑥 and ℎ(𝑥) = 1 + |𝑥| are differentiable on (−∞,∞) and (−∞, 0) ∪ (0,∞) 

respectively 

Thus, 𝑓(𝑥) is differentiable on (−∞, 0) ∪ (0,∞).Now, we have to check the differentiable at 𝑥 = 0 

∴   lim
𝑥→0

𝑓(𝑥) − 𝑓(0)

𝑥 − 0
= lim

𝑥→0

𝑥
1 + |𝑥|

− 0

𝑥
= lim

𝑥→0

1

1 + |𝑥|
= 1 

Hence, 𝑓(𝑥) is differntaible on (−∞,∞) 

11 (b) 

At 𝑥 = 0, 
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LHL= lim
ℎ→0

1

1−𝑒−1/(0−ℎ)
= lim

ℎ→0

1

1−𝑒1/ℎ
=0 

RHL= lim
ℎ→0

1

1−𝑒−1/(0+ℎ)
= lim

ℎ→0

1

1−𝑒−1/ℎ
=1 

∴ FUnction is not continuous at 𝑥 = 0 

12 (a) 

We have, 

𝑓𝑜𝑔 = 𝐼 

⇒ 𝑓𝑜𝑔(𝑥) = 𝑥 for all 𝑥 

⇒ 𝑓′(𝑔(𝑥))𝑔′(𝑥) = 1 for all 𝑥 

⇒ 𝑓′(𝑔(𝑎)) =
1

𝑔′(𝑎)
=
1

2
⇒ 𝑓′(𝑏) =

1

2
     [∵ 𝑓(𝑎) = 𝑏] 

13 (a) 

Since, lim
𝑥→0

  𝑓(𝑥) = 𝑓(0) 

⇒ lim
𝑥→0

sinπx

5x
= 𝑘  

⇒  (1)
𝜋

5
= 𝑘   ⇒    𝑘 =

𝜋

5
        [∵    lim

𝑥→0
 
sin𝑥

𝑥
= 1] 

14 (d) 

Given, 𝑓(𝑥) = [𝑥], 𝑥 ∈ (−3.5, 100) 

As we know greatest integer is discontinuous on integer values. 

In given interval, the integer values are 

(−3,−2,−1, 0, … , 99) 

∴ Total numbers of integers are 103. 

15 (a) 

LHL= lim
ℎ→0

𝑓(0 − ℎ) 

= lim
ℎ→0

𝑒−1/ℎ−1

𝑒−1/ℎ+1
= −1     [∵  lim

ℎ→0
 
1

𝑒1/ℎ
= 0  ] 

RHL= lim
ℎ→0

𝑓(0 + ℎ) = lim
ℎ→0

𝑒1/ℎ−1

𝑒1/ℎ+1
 

= lim
ℎ→0

1 −
1
𝑒1/ℎ

1 +
1
𝑒1/ℎ

= 1 

∴   LHL≠RHL 

So, limit does not exist at 𝑥 = 0 

16 (d) 

We have, 

𝑓(𝑥) = 𝑥4 +
𝑥4

1 + 𝑥4
+

𝑥4

(1 + 𝑥4)
+⋯ 

⇒ 𝑓(𝑥) =
𝑥4

1 −
1

1 + 𝑥4

= 1 + 𝑥4, if 𝑥 ≠ 0 

Clearly, 𝑓(𝑥) = 0 at 𝑥 = 0 

Thus, we have 



45 
 

𝑓(𝑥) = {
1 + 𝑥4, 𝑥 ≠ 0
0, 𝑥 = 0

 

Clearly, lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0+

𝑓(𝑥) = 1 ≠ 𝑓(0) 

So, 𝑓(𝑥) is neither continuous nor differentiable at 𝑥 = 0 

17 (a) 

We have, 

𝑓(𝑥) = {
1 + 𝑥, 0 ≤ 𝑥 ≤ 2
3 − 𝑥, 2 < 𝑥 ≤ 3

 

∴ 𝑔(𝑥) = 𝑓𝑜𝑓(𝑥) 

⇒ 𝑓(𝑥) = 𝑓(𝑓(𝑥)) 

⇒ 𝑔(𝑥) = {
𝑓(1 + 𝑥), 0 ≤ 𝑥 ≤ 2

𝑓(3 − 𝑥), 2 < 𝑥 ≤ 3
 

⇒ 𝑔(𝑥) = {
1 + (1 + 𝑥), 0 ≤ 𝑥 ≤ 1
3 − (1 + 𝑥), 1 < 𝑥 ≤ 2
1 + (3 − 𝑥), 2 < 𝑥 ≤ 3

 

⇒ 𝑔(𝑥) = {
2 + 𝑥, 0 ≤ 𝑥 ≤ 1
2 − 𝑥, 1 < 𝑥 ≤ 2
4 − 𝑥, 2 < 𝑥 ≤ 3

 

Clearly, 𝑔(𝑥) is continuous in (0, 1) ∪ (1, 2) ∪ (2, 3) except possibly at 𝑥 = 0, 1, 2 and 3 

We observe that 

lim
𝑥→0+

𝑔(𝑥) = lim
𝑥→0+

(2 + 𝑥) = 2 = 𝑔(0) 

and lim
𝑥→3−

𝑔(𝑥) = lim
𝑥→3−

4 − 𝑥 = 1 = 𝑔(3) 

Therefore, 𝑔(𝑥) is right continuous at 𝑥 = 0 and left continuous at 𝑥 = 3 

At 𝑥 = 1, we have 

lim
𝑥→1−

𝑔(𝑥) = lim
𝑥→1−

2 + 𝑥 = 3 

and, lim
𝑥→1+

𝑔(𝑥) = lim
𝑥→1+

2 − 𝑥 = 1 

∴ lim
𝑥→1+

𝑔(𝑥) ≠ lim
𝑥→1−

𝑔(𝑥) 

So, 𝑔(𝑥) is not continuous at 𝑥 = 1 

At 𝑥 = 2, we have 

lim
𝑥→2−

𝑔(𝑥) = lim
𝑥→2−

(2 − 𝑥) = 0 

and, 

lim
𝑥→2+

𝑔(𝑥) = lim
𝑥→2+

(4 − 𝑥) = 0 

∴ lim
𝑥→2−

𝑔(𝑥) ≠ lim
𝑥→2+

𝑔(𝑥) 

So, 𝑔(𝑥) is not continuous at 𝑥 = 2 

Hence, the set of points of discontinuity of 𝑔(𝑥) is {1, 2} 

18 (b) 

Since 𝑔(𝑥) is the inverse of function 𝑓(𝑥) 

∴ 𝑔𝑜𝑓(𝑥) = 𝐼(𝑥), for all 𝑥 

Now, 𝑔𝑜𝑓(𝑥) = 𝐼(𝑥), for all 𝑥 

⇒ 𝑔𝑜𝑓(𝑥) = 𝑥, for all 𝑥 

⇒ (𝑔𝑜𝑓)′(𝑥) = 1, for all 𝑥 
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⇒ 𝑔′(𝑓(𝑥))𝑓′(𝑥) = 1, for all 𝑥   [Using Chain Rule] 

⇒ 𝑔′(𝑓(𝑥)) =
1

𝑓′(𝑥)
, for all 𝑥 

⇒ 𝑔′(𝑓(𝑐)) =
1

𝑓′(𝑐)
    [Putting 𝑥 = 𝑐] 

19 (d) 

Given, 𝑓(𝑥) = {
𝑥𝑝 cos (

1

𝑥
) , 𝑥 ≠ 0

0,   𝑥 = 0
 

Since, 𝑓(𝑥) is differentiable at 𝑥 = 0, therefore it is continuous at 𝑥 = 0 

∴  lim
𝑥→0

 𝑓(𝑥) = 𝑓(0) = 0 

⇒ lim
𝑥→0

  𝑥𝑝 cos (
1

𝑥
) = 0   ⇒     𝑝 > 0 

As 𝑓(𝑥) is differentiable at 𝑥 = 0 

∴    lim
𝑥→0

   
𝑓(𝑥)−𝑓(0)

𝑥−0
 exists finitely 

⇒ lim
𝑥→0

  
𝑥𝑝 cos

1

𝑥
−0

𝑥
 exists finitely 

⇒ lim
𝑥→0

  𝑥𝑝−1 cos
1

𝑥
− 0 exists finitely 

⇒         𝑝 − 1 > 0      ⇒     𝑝 > 1   

20 (a) 

 
It is clear from the graph that 𝑓(𝑥) is continuous everywhere and also differentiable everywhere 

except at 𝑥 = 0 
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1 (c) 

We know that the function 

ϕ(𝑥) = (𝑥 − 𝑎)2 sin (
1

𝑥 − 𝑎
) 

Is continuous and differentiable at 𝑥 = 𝑎 whereas the function Ψ(𝑥) = |𝑥 − 𝑎| is everywhere 

continuous but not differentiable at 𝑥 = 𝑎 

Therefore, 𝑓(𝑥) is not differentiable at 𝑥 = 1 

2 (d) 

lim
𝑥→0

2𝑥 − 2−𝑥

𝑥
= lim

𝑥→0
 2𝑥 log 2 + 2−𝑥 log 2 

[by L’ Hospital’s rule] 

= log4 

Since, the function is continuous at 𝑥 = 0 

∴       𝑓(0) = lim
𝑥→0

 𝑓(𝑥)   ⇒     𝑓(0) = log 4 

3 (a) 

As is evident from the graph of 𝑓(𝑥) that it is continuous but not differentiable at 𝑥 = 1 

 
Now, 

𝑓′′(1+) = lim
𝑥→1+

𝑓(𝑥) − 𝑓(1)

𝑥 − 1
 

⇒ 𝑓′′(1+) = lim
ℎ→0

𝑓(1 + ℎ) − 𝑓(1)

ℎ
 

⇒ 𝑓′′(1+) = lim
ℎ→0

log10(1 + ℎ) − 0

ℎ
 

⇒ 𝑓′′(1+) = lim
ℎ→0

log(1 + ℎ)

ℎ. log𝑒 10
=

1

log𝑒 10
= log10 𝑒 

Topic :-   CONTINUITY AND DIFFERENTIABILITY 

SOLUTIONS 
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𝑓′′(1−) = lim
𝑥→1+

𝑓(𝑥) − 𝑓(1)

𝑥 − 1
 

⇒ 𝑓′′(1−) = lim
ℎ→0

𝑓(1 − ℎ) − 𝑓(1)

ℎ
 

⇒ 𝑓′′(1−) = lim
ℎ→0

log10(1 − ℎ)

ℎ
= lim

ℎ→0

log𝑒(1 − ℎ)

ℎ log𝑒 10
= − log10 𝑒 

4 (a) 

We have, 

𝑓′(𝑥) = lim
ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
 

⇒ 𝑓′(𝑥) = lim
ℎ→0

𝑓(𝑥) + 𝑓(ℎ) − 𝑓(𝑥)

ℎ
         [∵ 𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦)] 

⇒ 𝑓′(𝑥) = lim
ℎ→0

𝑓(ℎ)

ℎ
 

⇒ 𝑓′(𝑥) = lim
ℎ→0

sin ℎ  𝑔 (ℎ)

ℎ
= lim

ℎ→0

sinℎ

ℎ
lim
ℎ→0

𝑔(ℎ) = 𝑔(0) = 𝑘 

5 (a) 

We have, 

𝑓(𝑥) = |𝑥| + |𝑥 − 1| = {
−2𝑥 + 1, 𝑥 < 0
1, 0 ≤ 𝑥 < 1
2𝑥 − 1, 1 ≤ 𝑥

 

Clearly, lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1

1 = 1, lim
𝑥→1+

𝑓(𝑥) = lim
𝑥→1

(2𝑥 − 1) = 1 

and, 𝑓(1) = 2 × 1 − 1 = 1 

∴ lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1+

𝑓(𝑥) = 𝑓(1) 

So, 𝑓(𝑥) is continuous at 𝑥 = 1 

Now, lim
𝑥→1−

𝑓(𝑥)−𝑓(1)

𝑥−1
= lim

ℎ→0

𝑓(1−ℎ)−𝑓(1)

−ℎ
= lim

ℎ→0

1−1

−ℎ
= 0 

and, 

lim
𝑥→1+

𝑓(𝑥) − 𝑓(1)

𝑥 − 1
= lim

ℎ→0

𝑓(1 + ℎ) − 𝑓(1)

ℎ
 

⇒ lim
𝑥→1+

𝑓(𝑥) − 𝑓(1)

𝑥 − 1
= lim

ℎ→0

2(1 + ℎ) − 1 − 1

ℎ
= 2 

∴ (LHD at 𝑥 = 1) ≠ (RHD at 𝑥 = 1) 

So, 𝑓(𝑥) is not differentiable at 𝑥 = 1 

6 (d) 

The given function is differentiable at all points except possibly at 𝑥 = 0 

Now, 

(RHD at 𝑥 = 0) 

= lim
ℎ→0

𝑓(0 + ℎ) − 𝑓(0)

ℎ
 

= lim
ℎ→0

√ℎ + 1 − 1

ℎ3/2
 

= lim
ℎ→0

ℎ

ℎ3/2(√ℎ + 1 + 1)
= lim

ℎ→0

1

√ℎ(√ℎ + 1 + 1)
→ ∞ 

So, the function is not differentiable at 𝑥 = 0 
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Hence, the required set is 𝑅 − {0} 

7 (a) 

We have, 

𝑓(𝑥) 𝑓(𝑦) = 𝑓(𝑥) + 𝑓(𝑦) + 𝑓(𝑥𝑦) − 2 

⇒ 𝑓(𝑥). 𝑓 (
1

𝑥
) = 𝑓(𝑥) + 𝑓 (

1

𝑥
) + 𝑓(1) − 2 

⇒ 𝑓(𝑥). 𝑓 (
1

𝑥
) = 𝑓(𝑥) + 𝑓 (

1

𝑥
)     [

∵ 𝑓(1) = 2 (Putting 𝑥 = 𝑦 = 1
in the given relation)

] 

⇒ 𝑓(𝑥) = 𝑥𝑛 + 1 

⇒ 𝑓(2) = 2𝑛 + 1 

⇒ 5 = 2𝑛 + 1       [∵ 𝑓(2) = 5 (given)] 

⇒ 𝑛 = 2 

∴ 𝑓(𝑥) = 𝑥2 + 1 ⇒ 𝑓(3) = 10 

8 (b) 

We have, 

𝑓(𝑥) =
1

2
𝑥 − 1, for 0 ≤ 𝑥 ≤ 𝜋 

∴ {𝑓(𝑥)} = {
−1, for 0 ≤ 𝑥 < 2
0, for 2 ≤ 𝑥 ≤ 𝜋

 

⇒ tan[𝑓(𝑥)] = {
tan(−1) = − tan(1) , 0 ≤ 𝑥 < 2

tan 0 = 0, 2 ≤ 𝑥 ≤ 𝜋
 

It is evident from the definition of tan[𝑓(𝑥)] that 

lim
𝑥→2−

tan[𝑓(𝑥)] = − tan1 and, lim
𝑥→2+

tan[𝑓(𝑥)] = 0 

So, tan[𝑓(𝑥)] is not continuous at 𝑥 = 2 

Now, 

𝑓(𝑥) =
1

2
𝑥 − 1 ⇒ 𝑓(𝑥) =

𝑥 − 2

2
⇒

1

𝑓(𝑥)
=

2

𝑥 − 2
 

Clearly, 𝑓(𝑥) is not continuous at 𝑥 = 2 

So, tan[𝑓(𝑥)] and tan [
1

𝑓(𝑥)
] both are discontinuous at 𝑥 = 2 

9 (c) 

lim
𝑥→0

(1 + 𝑥)cot  𝑥 = lim
𝑥→0

 {(1 + 𝑥)
1
𝑥}
𝑥 cot𝑥

 

= lim
𝑥→0

   𝑒𝑥 cot𝑥 = 𝑒 

Since 𝑓(𝑥) is continuous at 𝑥 = 0 

∴      𝑓(0) =  lim
𝑥→0

 𝑓(𝑥) = 𝑒 

10 (b) 

LHL= lim
ℎ→0

  𝑓 (
𝜋

4
− ℎ) 

= lim
ℎ→0

  
tan (

𝜋
4 − ℎ) − cot (

𝜋
4 − ℎ)

𝜋
4 − ℎ −

𝜋
4

 

= lim
ℎ→0

  
−sec2 (

𝜋
4 − ℎ) − cosec

2 (
𝜋
4 − ℎ)

−1
= 4 
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[by L ‘Hospital’s rule] 

Since, 𝑓(𝑥) is continuous at 𝑥 =
𝜋

4
, then LHL= 𝑓 (

𝜋

4
) 

∴    𝑎 = 4 

11 (a) 

If −1 ≤ 𝑥 < 0, then 

𝑓(𝑥) = ∫ |𝑡|

𝑥

−1

𝑑𝑡 = ∫−𝑡 𝑑𝑡

𝑥

−1

= −
1

2
(𝑥2 − 1) 

If 𝑥 ≥ 0, then 

𝑓(𝑥) = ∫−𝑡 𝑑𝑡

0

−1

+ ∫−𝑡 𝑑𝑡

𝑥

−1

=
1

2
(𝑥2 + 1) 

∴ 𝑓(𝑥) = {
−
1

2
(𝑥2 − 2), −1 ≤ 𝑥 < 0

1

2
(𝑥2 + 1), 0 ≤ 𝑥

 

It can be easily seen that 𝑓(𝑥) is continuous at 𝑥 = 0 

So, it is continuous for all 𝑥 > −1 

Also, 𝑅𝑓′(0) = 0 = 𝐿𝑓′(0) 

So, 𝑓(𝑥) is differentiable at 𝑥 = 0 

∴ 𝑓′(𝑥) = {
−𝑥, −1 < 𝑥 = 0

0, 𝑥 = 0
𝑥, 𝑥 > 0

 

Clearly, 𝑓′(𝑥) is continuous at 𝑥 = 0 

Consequently, it is continuous for all 𝑥 > −1 i.e. for 𝑥 + 1 > 0 

Hence, 𝑓 and 𝑓′ are continuous for 𝑥 + 1 > 0 

12 (c) 

We have, 

𝑓(𝑥) = lim
𝑛→∞

𝑥−𝑛 − 𝑥𝑛

𝑥−𝑛 + 𝑥𝑛
 

⇒ 𝑓(𝑥) = lim
𝑛→∞

1 − 𝑥2𝑛

1 + 𝑥2𝑛
 

⇒ 𝑓(𝑥) =

{
 
 

 
 
1 − 0

1 + 0
= 1, if − 1 < 𝑥 < 1

1 − 1

1 + 1
= 0, if 𝑥 = ±1

0 − 1

0 + 1
= −1, if |𝑥| > 1

 

Clearly, 𝑓(𝑥) is discontinuous at 𝑥 = ±1 

13 (b) 

Clearly, log |𝑥| is discontinuous at 𝑥 = 0 

𝑓(𝑥) =
1

log |𝑥|
 is not defined at 𝑥 = ±1 

Hence, 𝑓(𝑥) is discontinuous at 𝑥 = 0, 1, −1 
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14 (a) 

For continuity, lim
𝑥→0

 𝑓(𝑥) = 𝑘 

⇒   lim
𝑥→0

   
sin 3𝑥

sin 𝑥
= 𝑘  ⇒  lim 

𝑥→0
  
sin 3𝑥

3𝑥
.
3𝑥

sin3𝑥
= 𝑘 

⇒    3 = 𝑘 

15 (b) 

Since, the function 𝑓(𝑥) is continuous 

∴    𝑓(0) =RHL 𝑓(𝑥) =LHL𝑓(𝑥) 

Now, RHL 𝑓(𝑋) = lim
ℎ→0

log(1+0+ℎ)+log(1−0−ℎ)

0+ℎ
 

= lim
ℎ→0

log(1 + ℎ) + log(1 − ℎ)

ℎ
 

= lim
ℎ→0

 

1
1 + ℎ

−
1

1 − ℎ
1

= 0 

[by L ‘Hospital’s rule] 

∴    𝑓(0) =RHL 𝑓(𝑥) = 0 

16 (d) 

𝑓(𝑥) =

{
 
 

 
 
𝑥 − 4

|𝑥 − 4|
+ 𝑎, 𝑥 < 4

𝑎 + 𝑏,   𝑥 = 4
𝑥 − 4

|𝑥 − 4|
+ 𝑏,   𝑥 > 4

= {
−1 + 𝑎, 𝑥 < 4

𝑎 + 𝑏
1 + 𝑏, 𝑥 > 4

 

LHL= lim
𝑥→4∓

 𝑓(𝑥) = 𝑎 − 1 

RHL= lim
𝑥→4∓

 𝑓(𝑥) = 1 + 𝑏 

Since,  LHL=RHL= 𝑓(4) 

⇒   𝑎 − 1 = 𝑎 + 𝑏 = 𝑏 + 1 

𝑎 = 1  and 𝑏 = −1 

17 (d) 

We have, 

𝑓(𝑥) =

{
 
 

 
 

−1

𝑥 − 1
, 0 < 𝑥 < 1

1 − 1

𝑥 − 1
= 0, 1 < 𝑥 < 2

0, 𝑥 = 1

 

Clearly, lim
𝑥→1−

𝑓(𝑥) → −∞ and lim
𝑥→1+

𝑓(𝑥) = 0 

So, 𝑓(𝑥) is not continuous at 𝑥 = 1 and hence it is not differentiable at 𝑥 = 1 

18 (d) 

lim
𝑥→

𝜋
4

𝑓(𝑥) = lim
𝑥→

𝜋
4

1 − √2 sin𝑥

𝜋 − 4𝑥
 

= lim
𝑥→

𝜋

4

−√2cos𝑥

4
=

1

4
     [by L ‘Hospital’s rule] 
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Since, 𝑓(𝑥) is continuous at 𝑥 =
𝜋

4
 

∴  lim
𝑥→

𝜋
4

𝑓(𝑥) = 𝑓 (
𝜋

4
)     ⇒   

1

4
= 𝑎 

19 (d) 

LHL= lim
𝑥→1−

𝑓(𝑥) = lim
ℎ→0

1 − ℎ + 𝑎 = 1 + 𝑎 

RHL= lim
𝑥→1+

𝑓(𝑥) = lim
ℎ→0

3 − (1 + ℎ)2 = 2 

For 𝑓(𝑥) to be continuous, LHL=RHL 

⇒ 1+ 𝑎 = 2    ⇒    𝑎 = 1 

20 (b) 

LHL= lim 
ℎ→0

cos3(0−ℎ)−cos(0−ℎ)

(0−ℎ)2
 

= lim 
ℎ→0

cos 3ℎ − cos ℎ

ℎ2
 

= lim 
ℎ→0

−3sin 3ℎ + sinℎ

2ℎ
 

= lim 
ℎ→0

−9 cos 3ℎ + cos ℎ

2
=
−9 + 1

2
= −4 

∵   lim
𝑥→0−

𝑓(𝑥) = 𝑓(0)    ⇒     𝜆 = −4 
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1 (c) 

LHL= lim
𝑥→𝑎−

𝑥3−𝑎3

𝑥−𝑎
= lim

ℎ→0

(𝑎−ℎ)3−𝑎3

𝑎−ℎ−𝑎
 

= lim
ℎ→0

(𝑎 − ℎ − 𝑎){(𝑎 − ℎ)2 + 𝑎3 + 𝑎(𝑎 − ℎ)}

−ℎ
= 3𝑎2 

Since, 𝑓(𝑥) is continuous at 𝑥 = 𝑎 

∴     LHL = 𝑓(𝑎) 

⇒     3𝑎2 = 𝑏 

 

 

3 (a) 

We have, 

𝑓(𝑥) = {

tan 𝑥 , 0 ≤ 𝑥 ≤ 𝜋/4
cot 𝑥 , −𝜋/4 ≤ 𝑥 ≤ 𝜋/2
tan 𝑥 , 𝜋/2 < 𝑥 ≤ 3𝜋/4
cot 𝑥 , 3𝜋/4 ≤ 𝑥 < 𝜋

 

Since tan 𝑥 and cot 𝑥 are periodic functions with period 𝜋. So, 𝑓(𝑥) is also periodic with period 𝜋 

It is evident from the graph that 𝑓(𝑥) is not continuous at 𝑥 = 𝜋/2. Since 𝑓(𝑥) is periodic with period 𝜋. So, it is 

not continuous at 𝑥 = 0,±𝜋/2,±𝜋, ≠ 3𝜋/2 

Also, 𝑓(𝑥) is not differentiable 𝑥 = 𝜋/4, 3𝜋/4, 5𝜋/4 etc 

 

Topic :-   CONTINUITY AND DIFFERENTIABILITY 

SOLUTIONS 
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4 (c) 

We have, 

𝑓(𝑥) = {|𝑥| − |𝑥 − 1}2 

⇒ 𝑓(𝑥) = {

(−𝑥 + 𝑥 − 1)2, if 𝑥 < 0

(𝑥 + 𝑥 − 1)2, if 0 ≤ 𝑥 < 1

(𝑥 − 𝑥 + 1)2, if 𝑥 ≥ 1

 

⇒ 𝑓(𝑥) = {
1, if 𝑥 < 0

(2 𝑥 − 1)2, if 0 < 𝑥 < 1
1, if 𝑥 ≥ 1

 

⇒ 𝑓′(𝑥) = {
0, if 𝑥 < 0 or if 𝑥 > 1
4(2 𝑥 − 1), if 0 < 𝑥 < 1

 

5 (b) 

We have, 

𝑓′(𝑥0) = lim
𝑥→𝑥0

𝑓(𝑥) − 𝑓(𝑥0)

𝑥 − 𝑥0
 

⇒ 𝑓′(𝑥0) = lim
𝑥→𝑥0

(𝑥 − 𝑥0)ϕ(𝑥) − 0

(𝑥 − 𝑥0)
 

⇒ 𝑓′(𝑥0) = lim
𝑥→𝑥0

ϕ(𝑥) = ϕ(𝑥0)       [∵ ϕ(𝑥) is continuous at 𝑥 = 𝑥0] 

6 (b) 

Since,  lim
𝑥→2+

𝑓(𝑥) = 𝑓(2) = 𝑘 

⇒    𝑘 = lim
ℎ→0

𝑓(2 + ℎ) 

⇒    𝑘 = lim 
ℎ→0

[(2 + ℎ)2 + 𝑒
1

2−(2+ℎ)]

−1

  

⇒   lim 
ℎ→0

   [4 + ℎ2 + 4ℎ + 𝑒−1 ℎ⁄ ]
−1
=
1

4
 

7 (c) 

For 𝑓(𝑥) to be continuous at 𝑥 = 𝜋/2, we must have 

lim
𝑥→𝜋/2

𝑓(𝑥) = 𝑓(𝜋/2) 

⇒ lim
𝑥→𝜋/2

1 − sin 𝑥

(𝜋 − 2𝑥)2
∙

log sin 𝑥

log(1 + 𝜋2 − 4𝜋𝑥 + 4𝑥2)
= 𝑘 

⇒ lim
ℎ→0

1 − cosℎ

4ℎ2
×

log cos ℎ

log(1 + 4ℎ2)
= 𝑘 

⇒ lim
ℎ→0

1 − cosℎ

4ℎ2
×
log{1 + cos ℎ − 1}

cos ℎ − 1
×

4ℎ2

log(1 + 4ℎ2)
×
cos ℎ − 1

4ℎ2
= 𝑘 

⇒ − lim
ℎ→0

(
1 − cosℎ

4ℎ2
)
2 log(1 + (cos ℎ − 1))

cos ℎ − 1
×

4 ℎ2

log(1 + 4ℎ2)
= 𝑘 

⇒ − lim
ℎ→0

(
sin2 ℎ/2

2 ℎ2
)

2
log(1 + (cos ℎ − 1))

cosℎ − 1
×

4ℎ2

log(1 + 4ℎ2)
= 𝑘 

⇒ −
1

64
lim
ℎ→0

(
sin ℎ/2

ℎ/2
)
4 log(1 + (cos ℎ − 1))

cos ℎ − 1
×

4ℎ2

log(1 + 4ℎ2)
= 𝑘 

⇒ −
1

64
= 𝑘 
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8 (c) 

LHL= lim
ℎ→0

 𝑓(0 − ℎ) = lim
ℎ→0

sin5(0−ℎ)

(0−ℎ)2+2(0−ℎ)
 

= −lim
ℎ→0

sin 5ℎ
5ℎ

1
5
(ℎ − 2)

=
5

2
 

Since, it is continuous at 𝑥 = 0, therefore LHL= 𝑓(0) 

⇒ 
5

2
= 𝑘 +

1

2
    ⇒     𝑘 = 2 

9 (a) 

Since 𝑓(𝑥) is continuous at 𝑥 = 0 

∴ lim
𝑥→0

𝑓(𝑥) = 𝑓(0) = 0 

⇒ lim
𝑥→0

𝑥𝑛 sin (
1

𝑥
) = 0 ⇒ 𝑛 > 0 

𝑓(𝑥) is differentiable at 𝑥 = 0, if 

lim
𝑥→0

𝑓(𝑥)−𝑓(0)

𝑥−0
 exists finitely 

⇒ lim
𝑥→0

𝑥𝑛 sin
1

𝑥
−0

𝑥
 exists finitely 

⇒ lim
𝑥→0

𝑥𝑛−1 sin (
1

𝑥
) exists finitely 

⇒ 𝑛 − 1 > 0 ⇒ 𝑛 > 1 

If 𝑛 ≤ 1, then lim
𝑥→0

𝑥𝑛−1 sin (
1

𝑥
) does not exist and hence 𝑓(𝑥) is not differentiable at 𝑥 = 0 

Hence 𝑓(𝑥) is continuous  but not differentiable at 𝑥 = 0 for 0 < 𝑛 ≤ 1 i.e. 𝑛 ∈ (0, 1] 

10 (b) 

Clearly, 𝑓(𝑥) is not differentiable at 𝑥 = 3 

Now,  lim
ℎ→3−

 𝑓(𝑥) = lim
ℎ→0

 𝑓(3 − ℎ)  

= lim
ℎ→0

  |3 − ℎ − 3| 

= 0 

lim
ℎ→3+

 𝑓(𝑥) = lim
ℎ→0

 𝑓(3 + ℎ) 

= lim
ℎ→0

  |3 + ℎ − 3| = 0 

and  𝑓(3) = |3 − 3| = 0 

∴   𝑓(𝑥) is continuous at 𝑥 = 3 

11 (a) 

It can easily be seen from the graphs of 𝑓(𝑥) and that both are continuous at 𝑥 = 0 

Also, 𝑓(𝑥) is not differentiable at 𝑥 = 0 whereas 𝑔(𝑥) is differentiable at 𝑥 = 0 

12 (c) 

We have, 

lim
𝑥→0−

𝑓(𝑥) = lim
ℎ→0

𝑓(0 − ℎ) = lim
ℎ→0

−sin(𝑎 + 1)ℎ − sinℎ

−ℎ
 

⇒ lim
𝑥→0−

𝑓(𝑥) = lim
ℎ→0

𝑓(0 − ℎ) = lim
ℎ→0

{
sin(𝑎 + 1)ℎ

ℎ
+
sin ℎ

ℎ
} 

⇒ lim
𝑥→0−

𝑓(𝑥) = lim
ℎ→0

𝑓(0 − ℎ) = (𝑎 + 1) + 1 = 𝑎 + 2 
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and, lim
𝑥→0+

𝑓(𝑥) = lim
ℎ→0

𝑓(0 + ℎ) 

⇒ lim
𝑥→0+

𝑓(𝑥) = lim
ℎ→0

√ℎ + 𝑏ℎ2 − √ℎ

𝑏 ℎ3/2
 

⇒ lim
𝑥→0+

𝑓(𝑥) = lim
ℎ→0

ℎ + 𝑏ℎ2 − ℎ

𝑏ℎ3/2(√ℎ + 𝑏ℎ2 − √ℎ)
= lim

ℎ→0

1

√1 + 𝑏ℎ + 1
=
1

2
 

Since, 𝑓(𝑥) is continuous at 𝑥 = 0. Therefore, 

lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0+

𝑓(𝑥) = 𝑓(0) 

⇒ 𝑎 + 2 =
1

2
= 𝑐 ⇒ 𝑐 =

1

2
, 𝑎 = −

3

2
 and 𝑏 ∈ 𝑅 − {0} 

13 (c) 

For 𝑓(𝑥) to be continuous at 𝑥 = 0, we must have 

lim
𝑥→0

𝑓(𝑥) = 𝑓(0) 

⇒ lim
𝑥→0

(9𝑥 − 1)(4𝑥 − 1)

√2 − √2 cos2 𝑥/2
= 𝑘 

⇒ lim
𝑥→0

(9𝑥 − 1)(4𝑥 − 1)

√2. 2 sin2 𝑥/4
= 𝑘 

⇒ lim
𝑥→0

16 × (
9𝑥 − 1
𝑥

) (
4𝑥 − 1
𝑥

)

2√2 (
sin𝑥/2
𝑥/4

)
2 = 𝑘 

⇒
16

2√2
log 9 . log 4 = 𝑘 = 4√2 log 9 . log 4 = 16√2 log 3 log 2 

14 (b) 

Given,  𝑓(𝑥) = [tan2 𝑥] 

Now, lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

[tan2 𝑥] = 0 

And 𝑓(0) = [tan2 0] = 0 

Hence, 𝑓(𝑥) is continuous at 𝑥 = 0  

15 (b) 

Let, 𝑓(𝑥) = 𝑥 

Which is continuous at 𝑥 = 0 

Also,  𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦) 

⇒    𝑓(0 + 0) = 𝑓(0) + 𝑓(0) 

= 0 + 0 

⇒ 𝑓(0) = 0 

𝑓(1 + 0) = 𝑓(1) + 𝑓(0) 

⇒   𝑓(1) = 1 + 0 

⇒   𝑓(1) = 1 

As, it satisfies it. 

Hence, 𝑓(𝑥) is continous for every values of 𝑥 

16 (c) 

Here, 𝑔𝑜𝑓 = {
𝑒sin𝑥 ,    𝑥 ≥ 0

𝑒1−cos𝑥 ,     𝑥 ≤ 0
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∴   LHD= lim
ℎ→0

𝑔𝑜𝑓(0−ℎ)−𝑔𝑜𝑓(ℎ)

−ℎ
 

= lim
ℎ→0

𝑒1−cosℎ − 𝑒1−cosℎ

−ℎ
= 0 

RHD= lim
ℎ→0

𝑔𝑜𝑓(0+ℎ)−𝑔𝑜𝑓(ℎ)

ℎ
 

= lim
ℎ→0

𝑒sinℎ − 𝑒sinℎ

ℎ
= 0 

Since, RHD=LHD=0 

∴   (𝑔𝑜𝑓)′ (0) = 0 

17 (b) 

We have, 

𝑓(𝑥){
(𝑥 + 1)

2−(
1
𝑥
+
1
𝑥
)
= (𝑥 + 1)2, 𝑥 < 0

0,                              𝑥 = 0

(𝑥 + 1)
2−(

1
𝑥
+
1
𝑥
)
= (𝑥 + 1)2−

2
𝑥, 𝑥 > 0

 

Clearly, 𝑓(𝑥) is everywhere continuous except possibly at 𝑥 = 0 

At 𝑥 = 0, we have 

lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0−

(𝑥 + 1)2 = 1 

and, lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0

(𝑥 + 1)2−
2

𝑥 = lim
𝑥→0

(𝑥 + 1)−2/𝑥 

⇒ lim
𝑥→0+

𝑓(𝑥) = 𝑒
lim
𝑥→0

−
2
𝑥
log(1+𝑥)

= 𝑒−2 

Clearly, lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0+

𝑓(𝑥) 

So, 𝑓(𝑥) is not continuous at 𝑥 = 0 

18 (b) 

Since 𝑓(𝑥) is continuous at 𝑥 = 0. Therefore, 

lim
𝑥→0

𝑓(𝑥) = 𝑓(0) 

⇒ lim
𝑥→0

𝑓(𝑥) = 𝑘 

⇒ lim
𝑥→0

log(1 + 𝑎𝑥) − log(1 − 𝑏𝑥)

𝑥
= 𝑘 

⇒ 𝑎 lim
𝑥→0

log(1 + 𝑎𝑥)

𝑎𝑥
− (−𝑏) lim

𝑥→0

log(1 − 𝑏𝑥)

−𝑏𝑥
= 𝑘 

⇒ 𝑎 + 𝑏 = 𝑘 

19 (c) 

Since 𝑓(𝑥) is continuous at 𝑥 = 0 

∴ 𝑓(0) = lim
𝑥→0

𝑓(𝑥) 

⇒ 𝑓(0) = lim
𝑥→0

(27 − 2 𝑥)1/3 − 3

9 − 3(243 + 5 𝑥)1/5
        [Form

0

0
] 

⇒ 𝑓(0) = lim
𝑥→0

1
3
(27 − 2 𝑥)−

2
3(−2)

−
3
5
(243 + 5𝑥)−

4
5(5)

= (−
2

3
) (−

1

3
)
34

32
= 2 

20 (d) 
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lim
𝑥→0

𝑒2𝑥−1−2𝑥

𝑥(𝑒2𝑥−1)
   

= lim
𝑥→0

2e2x−2

(e2x−1)+2xe2x
     [using L ‘Hospital rule] 

= lim
𝑥→0

4𝑒2𝑥

4𝑒2𝑥+4𝑥𝑒2𝑥
= 1   [using L ‘Hospital’s rule] 

Since, 𝑓(𝑥) is continuous at 𝑥 = 0, then 

lim
𝑥→0

  𝑓(𝑥) = 𝑓(0)      ⇒     1 = 𝑓(0) 
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1 (b) 

If a function 𝑓(𝑥) is continuous at 𝑥 = 𝑎, then it may or may not be differentiable at 𝑥 = 𝑎 

∴ Option (b) is correct 

2 (c) 

Let 𝑓(𝑥) = |𝑥 − 1| + |𝑥 − 3| 

= {
𝑥 − 1     + 𝑥 − 3    , 𝑥 ≥ 3
𝑥 − 1 + 3 − 𝑥,    1 ≤ 𝑥 < 3
1 − 𝑥    + 3 − 𝑥,   𝑥 ≤ 1

 

= {
2𝑥 − 4, 𝑥 ≥ 3
2, 1 ≤ 𝑥 < 3
4 − 2𝑥, 𝑥 ≤ 1

 

At 𝑥 = 2, function is 

𝑓(𝑥) = 2 

⇒  𝑓′(𝑥) = 0 

3 (d) 

We have, 

𝑓(𝑥) = {
(𝑥 + 1) 𝑒

−(
1
𝑥
+
1
𝑥
)
= (𝑥 + 1), 𝑥 < 0

(𝑥 + 1) 𝑒
−(
1
𝑥
+
1
𝑥
)
= (𝑥 + 1)𝑒−2/𝑥 , 𝑥 > 0

 

Clearly, 𝑓(𝑥) is continuous for all 𝑥 ≠ 0 

So, we will check its continuity at 𝑥 = 0 

We have, 

(LHL at 𝑥 = 0) = lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0

(𝑥 + 1) = 1 

(RHL 𝑎𝑡 𝑥 = 0) = lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0

(𝑥 + 1) 𝑒−2/𝑥 = lim
𝑥→0

𝑥 + 1

𝑒2/𝑥
= 0 

∴ lim
𝑥→0−

𝑓(𝑥) ≠ lim
𝑥→0+𝑓(𝑥)

  

So, 𝑓(𝑥) is not continuous at 𝑥 = 0 

Also, 𝑓(𝑥) assumes all values from 𝑓(−2) to 𝑓(2) and 𝑓(2) = 3/𝑒 is the maximum value of 𝑓(𝑥) 

4 (c) 

Since, it is a polynomial function, so it is continuous for every value of 𝑥 except at 𝑥 = 2 

LHL= lim
𝑥→2−

𝑥 − 1 

Topic :-   CONTINUITY AND DIFFERENTIABILITY 

SOLUTIONS 
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= lim
ℎ→0

 2 − ℎ − 1 = 1 

RHL= lim
𝑥→2∓

2𝑥 − 3 = lim
ℎ→0

 2(2 + ℎ) − 3 = 1 

And     𝑓(2) = 2(2) − 3 = 1 

∴  LHL+RHL= 𝑓(2) 

Hence, 𝑓(𝑥) is continuous for all real values of 𝑥 

5 (c) 

Continuity at 𝒙 = 𝟎 

LHL= lim
𝑥→0−

tan𝑥

𝑥
= lim

ℎ→0

−𝑡𝑎𝑛 ℎ 

−ℎ
= 1 

RHL= lim
𝑥→0+

tan𝑥

𝑥
= lim

ℎ→0

𝑡𝑎𝑛 ℎ 

ℎ
= 1 

∴ LHL=RHL= 𝑓(0) = 1, it is continuous 

Differentiability at 𝒙 = 𝟎 

LHD= lim
ℎ→0

𝑓(0−ℎ)−𝑓(0)

−ℎ
= lim

ℎ→0

tan(−ℎ)

−ℎ
−1 

−ℎ
 

= lim
ℎ→0

+
ℎ2

3 +
2ℎ4

15
+⋯

−ℎ
= 0 

RHD= lim
ℎ→0

𝑓(0+ℎ)−𝑓(0)

ℎ
= lim

ℎ→0

tanℎ

ℎ
−1

ℎ
  

= lim
ℎ→0

ℎ2

3
+
2ℎ4

15
+⋯

−ℎ
= 0 

∴ LHD=RHD 

Hence, it is differentiable. 

6 (b) 

We have, 

lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1

(𝑥 − 1) = 0 

and, 

lim
𝑥→1+

𝑓(𝑥) = lim
𝑥→1

(𝑥3 − 1) = 0. Also, 𝑓(1) = 1 − 1 = 0 

So, 𝑓(𝑥) is continuous at 𝑥 = 1 

Clearly, (𝑓′(1)) = 3 and 𝑅𝑓′(1) = 1 

Therefore, 𝑓(𝑥) is not differentiable at 𝑥 = 1 

7 (d) 

We have, 

𝑓(𝑥) =

{
 
 

 
 
𝑥2 − 𝑥

𝑥2 − 𝑥
= 1, if 𝑥 < 0 or 𝑥 > 1

−
(𝑥2 − 𝑥)

𝑥2 − 𝑥
= −1, if 0 < 𝑥 < 1

1, if 𝑥 = 0
−1, if 𝑥 = 1

 

⇒ 𝑓(𝑥) = {
1, if 𝑥 ≤ 0 or 𝑥 > 1
−1, if 0 < 𝑥 ≤ 1

 

Now, 
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lim
𝑥→0−

𝑓(𝑥) = lim
𝑥→0

1 = 1 and, lim
𝑥→0+

𝑓(𝑥) = lim
𝑥→0

−1 = −1 

Clearly, lim
𝑥→0−

𝑓(𝑥) ≠ lim
𝑥→0+

𝑓(𝑥) 

So, 𝑓(𝑥) is not continuous at 𝑥 = 0. It can be easily seen that it is not continuous at 𝑥 = 1 

8 (b) 

We have, 

𝑓(𝑥) = |𝑥 − 1| + |𝑥 − 3| 

⇒ 𝑓(𝑥) = {
−(𝑥 − 1) − (𝑥 − 3), 𝑥 < 1
(𝑥 − 1) − (𝑥 − 3), 1 ≤ 𝑥 < 3
(𝑥 − 1) + (𝑥 − 3), 𝑥 ≥ 3

 

⇒ 𝑓(𝑥) = {
−2𝑥 + 4, 𝑥 < 1
2, 1 ≤ 𝑥 < 3
2𝑥 − 4, 𝑥 ≥ 3

 

Since, 𝑓(𝑥) = 2 for 1 ≤ 𝑥 < 3. Therefore 𝑓′(𝑥) = 0 for all 𝑥 ∈ (1, 3) 

Hence, 𝑓′(𝑥) = 0 at 𝑥 = 2 

9 (d) 

We have, 

𝐿𝑓′(0) = 0 and 𝑅𝑓′(0) = 0 + cos 0° = 1 

∴ 𝐿𝑓′(0) ≠ 𝑅𝑓′(0) 

Hence, 𝑓′(𝑥) does not exist at 𝑥 = 0 

10 (c) 

Given, 𝑔(𝑥) =
(𝑥−1)𝑛

log cos𝑚(𝑥−1)
;   0 < 𝑥 < 2,    𝑚 ≠ 0,   𝑛 are integers and |𝑥 − 1| = {

𝑥 − 1;   𝑥 ≥ 1
1 − 𝑥;    𝑥 < 1

 

The left hand derivative of |𝑥 − 1| at 𝑥 = 1 is 𝑝 = −1 

Also,  lim
𝑥→1+

  𝑔(𝑥) = 𝑝 = −1 

⇒    lim
ℎ→0

  
(1 + ℎ − 1)𝑛

log cos𝑚(1 + ℎ − 1)
= −1 

⇒ lim
ℎ→0

 
ℎ𝑛

𝑚 log cos ℎ
= −1 

⇒ lim
ℎ→0

𝑛. ℎ𝑛−1

𝑚
1

cosℎ
(− sinℎ)

= −1 

[using L ‘Hospital’s rule] 

⇒    (
𝑛

𝑚
) lim
ℎ→0

ℎ𝑛−2

(
tan ℎ
ℎ
)
= 1 

⇒   𝑛 = 2  and 
𝑛

𝑚
= 1 

⇒   𝑚 = 𝑛 = 2 

11 (c) 

Given,  𝑓(𝑥) =
2𝑥2+7

(𝑥2−1)(𝑥+3)
 

Since, at 𝑥 = 1,−1,−3, 𝑓(𝑥) = ∞ 

Hence, function is discontinuous 

13 (a) 
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LHL= lim
𝑥→1−

𝑓(𝑥) = lim
ℎ→0

 [1 − (1 − ℎ)2] = 0 

RHL= lim
𝑥→1+

𝑓(𝑥) = lim
ℎ→0

{1 + (1 + ℎ)2} = 2 

Also,  𝑓(1) = 0 

⇒   RHL ≠ LHL = 𝑓(1) 

Hence, 𝑓(𝑥) is not continuous at 𝑥 = 1  

14 (c) 

It is clear from the graph that minimum 𝑓(𝑥) is 

 
𝑓(𝑥) = 𝑥 + 1, ∀ 𝑥 ∈ 𝑅 

Hence, it is a straight line, so it is differentiable everywhere 

15 (c) 

Since, 𝑓(𝑥) is continuous at 𝑥 =
𝜋

2
 

lim
𝑥→

𝜋−1

2

  (𝑚𝑥 + 1) = lim
𝑥→

𝜋+

2

    (sin 𝑥 + 𝑛) 

⇒     𝑚
𝜋

2
+ 1 = sin

𝜋

2
+ 𝑛 

⇒    
𝑚𝜋

2
= 𝑛  

16 (a) 

This function is continuous at 𝑥 = 0, then 

lim
𝑥→0

loge(1 + 𝑥
2 tan 𝑥)

sin 𝑥3
= 𝑓(0) 

⇒  lim
𝑥→0

 
loge {1 + 𝑥

2 (𝑥 +
𝑥3

3 +. . . )}

𝑥3 −
𝑥9

3! +
𝑥15

5!
−. . .

= 𝑓(0) 

⇒ lim
𝑥→0

 
loge(1 + 𝑥

3)

𝑥3 −
𝑥9

3! +
𝑥15

5!
−. . .

= 𝑓(0) 

[neglecting higher power of 𝑥 in 𝑥2 tan 𝑥] 

⇒  lim
𝑥→0

𝑥3 −
𝑥6

2 +
𝑥9

3 −⋯

x3 +
x9

3! +
x15

5!
−. . .

= 𝑓(0) 

⇒      1 = 𝑓(0) 

17 (a) 

Given, 𝑓(𝑥) is continuous at 𝑥 = 0 

∴ Limit must exist 

𝑖𝑒, lim
𝑥→0

𝑥𝑝 sin
1

𝑥
= (0)𝑝 sin∞ = 0, when, 0 < 𝑝 < ∞   ...(i) 
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Now, RHD= lim
ℎ→0

ℎ𝑝 sin
1

ℎ
−0

ℎ
= lim
ℎ→0

 ℎ𝑝−1 sin
1

ℎ
  

LHD= lim
ℎ→0

 
(−ℎ)𝑝 sin(−

1

ℎ
)−0

−ℎ
 

= lim
ℎ→0

 (−1)𝑝ℎ𝑝−1 sin
1

ℎ
 

Since, 𝑓(𝑥) is not differentiable at 𝑥 = 0 

∴    𝑝 ≤ 1   ...(ii) 

From Eqs.(i) and (iii), 0 < 𝑝 ≤ 1 

18 (a) 

We have, 

lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

sin 𝑥2

𝑥
= lim

𝑥→0
(
sin 𝑥2

𝑥2
)𝑥 = 1 × 0 = 0 = 𝑓(0) 

So, 𝑓(𝑥) is continuous at 𝑥 = 0. 𝑓(𝑥) is also derivable at 𝑥 = 0, because 

lim
𝑥→0

𝑓(𝑥)−𝑓(0)

𝑥−0
= lim

𝑥→0

sin𝑥2

𝑥
= lim

𝑥→0

sin𝑥2

𝑥2
= 1 exists finitely 

19 (a) 

A function 𝑓 on 𝑅 into itself is continuous at a point 𝑎 in 𝑅, iff for each ∈> 0 there exist 𝛿 > 0, such 

that 

|𝑓(𝑥) − 𝑓(𝑎)| <∈   ⇒     |𝑥 − 𝑎| < 𝛿 

20 (a) 

We have, 

𝑓(𝑥) = 𝑥 − |𝑥 − 𝑥2|, −1 ≤ 𝑥 ≤ 1 

⇒ 𝑓(𝑥) = {
𝑥 + 𝑥 − 𝑥2, −1 ≤ 𝑥 < 0

𝑥 − (𝑥 − 𝑥2), 0 ≤ 𝑥 ≤ 1
 

⇒ 𝑓(𝑥) = {
2𝑥 − 𝑥2, −1 ≤ 𝑥 < 0

𝑥2, 0 ≤ 𝑥 ≤ 1
 

Clearly, 𝑓(𝑥) is continuous at 𝑥 = 0 

Also, 

lim
𝑥→−1+

𝑓(𝑥) = lim
𝑥→−1

2𝑥 − 𝑥2 = −2 − 1 = −3 = 𝑓(−1) 

and, 

lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1−

𝑥2 = 1 = 𝑓(1) 

So, 𝑓(𝑥) is right continuous at 𝑥 = −1 and left continuous at 𝑥 = 1 

Hence, 𝑓(𝑥) is continuous on [−1, 1] 
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