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1 (a) 

We have, 

𝑓(𝑥) = ∫ |𝑥 − 2|

𝑥

0

𝑑𝑥 ⇒ 𝑓′(𝑥) = |𝑥 − 2| 

Clearly, 𝑓′(𝑥) is everywhere continuous and differentiable except at 𝑥 = 2 

2 (b) 

If 𝑓(𝑡) is an odd function, then ∫ 𝑓(𝑡)𝑑𝑡
𝑥

0
 is an even function 

3 (c) 

∫
sec 𝑥 cosec 𝑥

2 cot 𝑥 − sec 𝑥 cosec 𝑥
 𝑑𝑥 

= ∫

1

cos𝑥 sin𝑥
2 cos𝑥

sin𝑥
−

1

sin𝑥 cos𝑥

 𝑑𝑥 

= ∫
𝑑𝑥

2 cos2 𝑥 − 1
 

= ∫
𝑑𝑥

cos 2𝑥
= ∫sec 2𝑥  𝑑𝑥 

=
1

2
log | sec 2𝑥 + tan 2𝑥| + 𝑐 

4 (d) 

Let 𝐼 = ∫
θ sinθ

1+cos2 θ
𝑑θ

𝜋

0
   …(i) 

⇒ 𝐼 = ∫
(𝜋 − θ) sin θ

1 + cos2 θ
𝑑θ … (ii)

𝜋

0

 

On adding Eqs. (i) and (ii), we get 

2𝐼 = ∫
𝜋 sin θ

1 + cos2 θ

𝜋

0

 𝑑θ 

Put cos θ = 𝑡 ⇒ −sin θ𝑑θ = 𝑑𝑡 

∴ 2𝐼 = −𝜋∫
1

1 + 𝑡2
𝑑𝑡 = 2𝜋∫

1

1 + 𝑡2
𝑑𝑡

1

0

−1

1

 

= 2𝜋[tan−1 𝑡 ]0
1 = 2𝜋.

𝜋

4
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⇒  𝐼 =
𝜋2

4
 

5 (d) 

Let 𝑓(θ) = [∫ sin−1√ϕ
sin2 θ

0
 𝑑ϕ + ∫ cos−1√ϕ

cos2 θ

0
 𝑑ϕ] 

𝑓′(θ) = (
𝑑

𝑑θ
sin2 θ) [sin−1√sin2 θ] + (

𝑑

𝑑θ
cos2 θ) [cos−1√cos2 θ] 

(2 sin θ cos θ)θ − (2 sin θ cos θ)θ = 0 

∴  𝑓(θ) = constant = 𝑎    [say] 

∴  𝑓 (
𝜋

4
) = 𝑎 

⇒ ∫ (sin−1√ϕ
1 2⁄

0

+ cos−1√ϕ)𝑑ϕ = 𝑎 

⇒ 
𝜋

2
[ϕ]0

1 2⁄ = 𝑎 ⇒  
𝜋

4
= 𝑎 

6 (c) 

Let 𝐼 = ∫
𝑑𝑥

1+tan3 𝑥
= ∫

cos3 𝑥

sin3 𝑥+cos3 𝑥
𝑑𝑥

𝜋/2

0

𝜋/2

0
…(i) 

⇒ 𝐼 = ∫
cos3 (

𝜋

2
− 𝑥)

sin3 (
𝜋

2
− 𝑥) + cos3 (

𝜋

2
− 𝑥)

𝑑𝑥
𝜋/2

0

 

𝐼 = ∫
sin3 𝑥

sin3 𝑥+cos3 𝑥
𝑑𝑥 

𝜋/2

0
...(ii) 

On adding Eqs.(i) and (ii), we get 

2𝐼 = ∫
sin3 𝑥 + cos3 𝑥

sin3 𝑥 + cos3 𝑥

𝜋/2

0

𝑑𝑥 

= ∫ 1𝑑𝑥 =
𝜋

2

𝜋/2

0

 

⇒ 𝐼 =
𝜋

4
 

7 (c) 

Since, 𝐼 = ∫
sin𝑥

√𝑥

1

0
𝑑𝑥 < ∫

𝑥

√𝑥

1

0
𝑑𝑥 

Because in  𝑥𝜖(0,1), 𝑥 > sin 𝑥 

𝐼 < ∫ √𝑥
1

0

𝑑𝑥 =
2

3
[𝑥3 2⁄ ]

0

1
⇒ 𝐼 <

2

3
 

For  𝑥𝜖(0,1),
cos𝑥

√𝑥
<

1

√𝑥
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And  𝐽 = ∫
cos𝑥

√𝑥

1

0
𝑑𝑥 < ∫ 𝑥−

1

2
1

0
𝑑𝑥 = 2 ⇒ 𝐽 < 2 

8 (c) 

∫ |𝑥|𝑑𝑥 + ∫ |𝑥 − 2|𝑑𝑥
3

1

1

−1

 

= 2∫ 𝑥 𝑑𝑥 +
1

0

∫ (2 − 𝑥)𝑑𝑥 +
2

1

∫ (𝑥 − 2)𝑑𝑥
3

2

 

= 2 ×
1

2
+ [2𝑥 −

𝑥2

2
]
1

2

+ [
𝑥2

2
− 2𝑥]

2

3

 

= 1 +
1

2
+
1

2
= 2 

9 (a) 

Putting 𝑥𝑛 + 1 = 𝑡 and 𝑛 𝑥𝑛−1𝑑𝑥 = 𝑑𝑡, we get 

𝐼 = ∫
1

𝑥 (𝑥𝑛 + 1)
𝑑𝑥 =

1

𝑛
∫

1

𝑡(𝑡 − 1)
𝑑𝑡 =

1

𝑛
∫(

1

𝑡 − 1
−
1

𝑡
)𝑑𝑡 

⇒ 𝐼 =
1

𝑛
log (

𝑡 − 1

𝑡
) + 𝐶 =

1

𝑛
log(

𝑥𝑛

𝑥𝑛 + 1
) + 𝐶 

10 (d) 

We have, 

𝐼 = ∫ |sin𝜋 𝑥|

1/2

0

𝑑𝑥 =
1

𝜋
∫ |sin 𝑡|

𝜋/2

0

𝑑𝑡,where 𝑡 = 𝜋𝑥 

⇒ 𝐼 =
1

𝜋
∫ sin 𝑡 𝑑𝑡

𝜋/2

0

=
1

𝜋
 

12 (c) 

We know that, 

|∫ 𝑓(𝑥)𝑔(𝑥)𝑑𝑥

𝑏

𝑎

| ≤ √∫𝑓2(𝑥)

𝑏

𝑎

𝑑𝑥.√∫𝑔2(𝑥)

𝑏

𝑎

𝑑𝑥 

Putting 𝑓(𝑥) = 1 and 𝑔(𝑥) = √1 + 𝑥3, we get 

𝐼 ∫√1 + 𝑥3

1

0

𝑑𝑥 ≤ √∫1 + 𝑥3

1

0

𝑑𝑥 = √1 +
1

4
=
√5

2
 

⇒ 𝐼 < 2 and 𝐼 <
√7

2
 

13 (b) 

We have, 

𝐼 =
1

𝑐
∫ 𝑓 (

𝑥

𝑐
)

𝑏𝑐

𝑎𝑐

𝑑𝑥 

Putting 
𝑥

𝑐
= 𝑡 and 𝑑𝑥 = 𝑐 𝑑𝑡, we get 
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𝐼 =
1

𝑐
∫ 𝑓(𝑡)

𝑏

𝑎

𝑐 𝑑𝑡 = ∫𝑓(𝑡)

𝑏

𝑎

𝑑𝑡 = ∫𝑓(𝑥)

𝑏

𝑎

𝑑𝑥 

14 (c) 

∫𝑒𝑥 (
1 − 𝑥

1 + 𝑥2
)
2

𝑑𝑥 = ∫𝑒𝑥
(1 + 𝑥2 − 2𝑥)

(1 + 𝑥2)2
𝑑𝑥 

= ∫𝑒𝑥 (
1

1 + 𝑥2
−

2𝑥

(1 + 𝑥2)2
)𝑑𝑥 

= 𝑒𝑥.
1

1 + 𝑥2
+∫

2𝑥𝑒𝑥

(1 + 𝑥2)2
𝑑𝑥 − ∫

2𝑥𝑒𝑥

(1 + 𝑥2)2
𝑑𝑥 

=
𝑒𝑥

1 + 𝑥2
+ 𝑐 

15 (a) 

We have, 

𝑑

𝑑𝑥
(𝑓(𝑥)) =

𝑒sin𝑥

𝑥
⇒ ∫

𝑒sin𝑥

𝑥
𝑑𝑥 = 𝐹(𝑥) 

∴ ∫
3

𝑥

4

1

𝑒sin𝑥
3
𝑑𝑥 = ∫

𝑒sin𝑥
3

𝑥3

4

1

. 3𝑥2𝑑𝑥 = ∫
𝑒sin𝑥

3

𝑥3

64

1

𝑑(𝑥3) 

= 𝐹(64) − 𝐹(1) 

Hence, 𝑘 = 64 

17 (a) 

We have, 

𝐼 = ∫
log(𝑥 + 1) − log 𝑥

𝑥(𝑥 + 1)
𝑑𝑥 = ∫

log(1 + 1/𝑥)

(𝑥2 + 𝑥)
𝑑𝑥 

⇒ 𝐼 = ∫
log(1 + 1/𝑥)

(𝑥2(1 + 1/𝑥)
𝑑𝑥 = −∫ log (1 +

1

𝑥
) 𝑑 {log (1 +

1

𝑥
)} 

⇒ 𝐼 = −
1

2
{log (1 +

1

𝑥
)}
2

+ 𝐶 

⇒ 𝐼 = −
1

2
[log(𝑥 + 1) − log 𝑥]2 + 𝐶 

⇒ 𝐼 = −
1

2
[{log(𝑥 + 1)}2 + (log 𝑥)2 − 2 log(𝑥 + 1) ∙ log 𝑥] + 𝐶 

⇒ 𝐼 = −
1

2
{log(𝑥 + 1)}2 −

1

2
(log 𝑥)2 + log(𝑥 + 1) ∙ log 𝑥 + 𝐶 

18 (a) 

It is a question of greatest integer function. We have, subdivide the interval π to 2πas under keeping 

in view that we have to evaluate [2 sin𝑥] 
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We know that, sin 
π

6
=

1

2
 

sin (π +
π

6
) = sin

7π

6
= −

1

2
 

sin
11π

6
= sin (2π −

π

6
) = −sin

π

6
= −

1

2
 

sin
9π

6
= sin

3π

6
= −1 

Hence, we divide the intervalπto 2π as (π,
7π

6
) , (

7π

6
,
11π

6
) , (

11π

6
, 2π) 

sin 𝑥 =(0,−
1

2
) , (−1,−

1

2
) , (0, −

1

2
) 

2 sin𝑥 = (0,−1), (−2,−1), (0, −1) 

[2 sin𝑥] = −1 

∴  𝐼 = 𝐼1 + 𝐼2 + 𝐼3 

= ∫−1 𝑑𝑥 + ∫−2 𝑑𝑥∫−1 𝑑𝑥 

Between proper limits 

= −
π

6
− 2(

4π

6
) −

π

6
= −

10π

6
= −

5π

3
 

19 (c) 

∫
𝑑

𝑑𝑥
[sin−1 (

2𝑥′

1 + 𝑥2
)] 𝑑𝑥

1

0

 

= [sin−1 (
2𝑥

1 + 𝑥2
)]
0

1

= sin−1(1) − sin−1(0) =
π

2
 

20 (c) 

Let 𝐹(𝑥) = 𝑒𝑥 

Also, 𝑓(𝑥) + g(𝑥) = 𝑥2  ⇒  g(𝑥) = 𝑥2 − 𝑒𝑥 

Now, ∫ 𝑓(𝑥)g(𝑥)𝑑𝑥 = ∫ 𝑒𝑥(𝑥2 − 𝑒𝑥)𝑑𝑥
1

0

1

0
 

= ∫ 𝑥2𝑒2 𝑑𝑥 − ∫ 𝑒2𝑥𝑑𝑥
1

0

1

0

 

= [𝑥2𝑒𝑥 −∫2𝑥𝑒𝑥𝑑𝑥 ]0
1 −

1

2
[𝑒2𝑥]0

1 

= [𝑥2𝑒𝑥 − 2𝑥𝑒𝑥 + 2𝑒𝑥]0
1 −

1

2
(𝑒2 − 1) 
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= [(1 − 2 + 2)𝑒1 − (0 − 0 + 2)𝑒0] −
1

2
𝑒2 +

1

2
 

= 𝑒 −
𝑒2

2
−
3

2
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1 (b) 

We have, 

𝐼 = ∫ log(1 + cos 𝑥)

𝜋

0

𝑑𝑥 

⇒ 𝐼 = ∫ log (2 cos2
𝑥

2
)𝑑𝑥

𝜋

0

 

⇒ 𝐼 = ∫ (log 2 + 2 log cos
𝑥

2
)

𝜋

0

𝑑𝑥 

⇒ 𝐼 = 𝜋 log 2 + 2∫ log cos
𝑥

2

𝜋

0

𝑑𝑥 

⇒ 𝐼 = 𝜋 log 2 + 2 × 2∫ log cos 𝑡

𝜋/2

0

𝑑𝑡,where 𝑡 =
𝑥

2
and 𝑑𝑥 = 2𝑑𝑡 

⇒ 𝐼 = 𝜋 log 2 + 4 × −
𝜋

2
log 2 = −𝜋 log 2 

2 (a) 

Putting tan−1 𝑥 = 𝑡, we have 

𝐼 = ∫𝑒tan
−1 𝑥 (

1 + 𝑥 + 𝑥2

1 + 𝑥2
)𝑑𝑥 

⇒ 𝐼 = ∫𝑒𝑡 (tan 𝑡 + sec2 𝑡)𝑑𝑡 = 𝑒𝑡 tan 𝑡 + 𝐶 = 𝑥 𝑒tan
−1 𝑥 + 𝐶 

3 (c) 

Given, 

𝐼1 = ∫ 𝑥 𝑓(sin𝑥) 𝑑𝑥
𝜋−𝑎

𝑎

 

and𝐼2 = ∫  𝑓(sin 𝑥) 𝑑𝑥
𝜋−𝑎

𝑎
 

Now, 𝐼1 = ∫ 𝑥 𝑓(sin𝑥) 𝑑𝑥
𝜋−𝑎

𝑎
 

= ∫ (𝜋 − 𝑥)𝑓[sin(𝜋 − 𝑥)] 𝑑𝑥
𝜋−𝑎

𝑎
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= ∫ (𝜋 − 𝑥)𝑓 (sin𝑥) 𝑑𝑥
𝜋−𝑎

𝑎

 

= ∫ 𝜋 𝑓(sin𝑥)𝑑𝑥 − 𝐼1

𝜋−𝑎

𝑎

 

⇒ 2𝐼1 = 𝜋𝐼2 ⇒ 𝐼2 =
2

𝜋
𝐼1 

4 (b) 

∫cos−1 (
1

𝑥
)𝑑𝑥 = ∫sec−1 𝑥 ∙ 1 𝑑𝑥 

= sec−1 𝑥∫𝑑𝑥 −∫[
𝑑

𝑑𝑥
sec−1 𝑥∫𝑑𝑥] 𝑑𝑥 

= 𝑥 sec−1 𝑥 − ∫
1

𝑥√𝑥2 − 1
𝑥 𝑑𝑥 

= 𝑥 sec−1 𝑥 −∫
1

√𝑥2 − 1
 𝑑𝑥 

= 𝑥 sec−1 𝑥 − cosh−1 𝑥 + 𝑐 

5 (d) 

Let  𝐼 = ∫
𝑑𝑥

𝑥+√1−𝑥2

1

0
 

Put 𝑥 = sinθ ⇒ 𝑑𝑥 = cosθ 𝑑θ 

𝐼 = ∫
cosθ 𝑑θ

sinθ+cosθ

𝜋/2

0
…(i) 

⇒   𝐼 = ∫
cos (

𝜋

2
− θ)𝑑θ

sin (
𝜋

2
− θ) + cos (

𝜋

2
− θ)

𝜋/2

0

 

= ∫
sinθ

cosθ+sinθ

𝜋/2

0
 𝑑𝜃…(ii) 

On adding Eqs.(i) and (ii), we get 

2𝐼 = ∫ 1 𝑑θ ⇒ 𝐼 =
π

4

𝜋/2

0

 

6 (b) 

Let 

𝐼 = ∫ [𝑥2]𝑑𝑥

√𝑛

0

 

⇒ 𝐼 =∑ ∫ [𝑥2]

√𝑟

√𝑟−1

𝑑𝑥

𝑛

𝑟=1

 

⇒ 𝐼 =∑ ∫ (𝑟 − 1)

√𝑟

√𝑟−1

𝑑𝑥

𝑛

𝑟=1

 

⇒ 𝐼 =∑(𝑟 − 1)(√𝑟 − √𝑟 − 1)

𝑛

𝑟=1

 

⇒ 𝐼 = (√2 − √1) + 2(√3 − √2) + 3(√4 − √3) 
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+⋯+ (𝑛 − 1)(√𝑛 − √𝑛 − 1) 

⇒ 𝐼 = 𝑛√𝑛 − (√1 + √2 +⋯+ √𝑛) = 𝑛 √𝑛 −∑√𝑟

𝑛

𝑟=1

 

7 (d) 

Let 𝐼 = ∫
1

𝑥 
(log𝑒𝑥 𝑒)𝑑𝑥 = ∫

1

𝑥(1+log𝑒 𝑥) 
𝑑𝑥 

Put  log𝑒 𝑥 = 𝑡 ⇒
1

𝑥
𝑑𝑥 = 𝑑𝑡 

∴  𝐼 = ∫
𝑑𝑡

(1 + 𝑡)
= log𝑒(1 + 𝑡) + 𝑐 

= log𝑒(1 + log𝑒 𝑥) + 𝑐 

8 (a) 

𝐼1 − 𝐼2 = ∫ (cosθ − sin2θ)𝑓(sinθ + cos2 θ)𝑑θ
𝜋/2

0

 

Put sinθ + cos2 θ = 𝑡 

⇒ (cos θ − sin2θ)𝑑θ = 𝑑𝑡 

Then, 𝐼1 − 𝐼2 = ∫ 𝑓(𝑡)𝑑𝑡 = 0
1

1
 

∴  𝐼1 = 𝐼2 

9 (b) 

(1)𝐼 = ∫ √cos𝑥 − cos3 𝑥
𝜋/2

−𝜋/2
𝑑𝑥 

= ∫ √cos 𝑥
𝜋/2

−𝜋/2

sin 𝑥 𝑑𝑥 

= 2∫ √cos 𝑥 sin 𝑥 𝑑𝑥
𝜋/2

0

 

= −
4

3
[cos3/2 𝑥]0

𝜋/2
=
4

3
 

(2)𝐼 = ∫ |𝑥 − 1|𝑑𝑥 + ∫ |𝑥 − 1|𝑑𝑥 +
4

1 ∫ |𝑥 − 3|𝑑𝑥 + ∫ |𝑥 − 3|𝑑𝑥
4

3

3

0

1

0
 

= ∫ −(𝑥 − 1)𝑑𝑥 + ∫ (𝑥 − 1)𝑑𝑥 +
4

1

∫ −(𝑥 − 3)𝑑𝑥 +
3

0

∫ (𝑥 − 3)𝑑𝑥
4

3

1

0

 

= 10 

10 (a) 

Let  𝐼 = ∫ sin−4 𝑥 𝑑𝑥
𝜋 4⁄

−𝜋 4⁄
= ∫ cosec−4 𝑥 𝑑𝑥

𝜋 4⁄

−𝜋 4⁄
 

= ∫ (1 + cot2 𝑥) cosec2 𝑥 𝑑𝑥
𝜋 4⁄

−𝜋 4⁄

 

Put  cot 𝑥 = 𝑡 

⇒ −cosec2𝑥 𝑑𝑥 = 𝑑𝑡 

∴  𝐼 = −∫ (1 + 𝑡2)
1

−1

𝑑𝑡 = −2∫ (1 + 𝑡2)
1

0

𝑑𝑡 
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= −2 [𝑡 +
𝑡3

3
]
0

1

= −2 [1 +
1

3
] = −

8

3
 

11 (d) 

We have, 

lim
𝑥→∞

(∫ 𝑒𝑥  𝑑𝑥
𝑥

0
)
2

∫ 𝑒2𝑥
2
 𝑑𝑥

𝑥

0

= lim
𝑥→∞

(𝑒𝑥 − 1)2

∫ 𝑒2𝑥
2
 𝑑𝑥

𝑥

0

 

= lim
𝑥→∞

2(𝑒𝑥−1)𝑒𝑥

∫ 𝑒2𝑥
2𝑥

0

      [Using L’Hospital’s rule] 

= 2 lim
𝑥→∞

𝑒𝑥 − 1

𝑒2𝑥
2−𝑥

 

= 2 lim
𝑥→∞

𝑒𝑥

𝑒2𝑥
2−𝑥(4𝑥−1)

    [Using L’Hospital’s rule] 

= 2 lim
𝑥→∞

1

𝑒2𝑥
2−2𝑥(4𝑥 − 1)

= 0 

12 (a) 

Given, ∫ 𝑡2
1

sin𝑥
 𝑓(𝑡)𝑑𝑡 = 1 − sin𝑥 

Now,   
𝑑

𝑑𝑥
∫ 𝑡2
1

sin𝑥
 𝑓(𝑡)𝑑𝑡 =

𝑑

𝑑𝑥
(1 − sin𝑥) 

⇒ [12𝑓(1)]. (0) − (sin2 𝑥) . 𝑓(sin 𝑥). cos 𝑥 = −cos 𝑥 

           [by Leibnitz formula] 

⇒ Put sin 𝑥 = 1/√3  

∴  𝑓 (
1

√3
) = (√3)

2
= 3 

13 (b) 

We have, 

𝑓(𝑎 − 𝑥) + 𝑓(𝑎 + 𝑥) = 0 

⇒ 𝑓(2𝑎 − 𝑥) + 𝑓(𝑥) = 0    [On replacing 𝑥by 𝑥 − 𝑎] 

⇒ 𝑓(2𝑎 − 𝑥) = −𝑓(𝑥) 

∵ ∫ 𝑓(𝑥)𝑑𝑥

2𝑎

0

= ∫{𝑓(𝑥) + 𝑓(2𝑎 − 𝑥)}

𝑎

0

𝑑𝑥 

∴ ∫ 𝑓(𝑥)

2𝑎

0

𝑑𝑥 = ∫{𝑓(𝑥) − 𝑓(𝑥)}

𝑎

0

𝑑𝑥 = 0 

14 (a) 

∫
𝑑𝑥

sin(𝑥 − 𝑎) sin(𝑥 − 𝑏)
 

=
1

sin(𝑎 − 𝑏)
∫
sin{(𝑥 − 𝑏) − (𝑥 − 𝑎)}

sin(𝑥 − 𝑎) sin(𝑥 − 𝑏)
 𝑑𝑥 

=
1

sin(𝑎 − 𝑏)
 

∫
sin(𝑥 − 𝑏) cos(𝑥 − 𝑎) − cos(𝑥 − 𝑏) sin(𝑥 − 𝑎)

sin(𝑥 − 𝑎) sin(𝑥 − 𝑏)
 𝑑𝑥 
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=
1

sin(𝑎 − 𝑏)
[∫ cot(𝑥 − 𝑎)𝑑𝑥 − ∫cot(𝑥 − 𝑏)𝑑𝑥] 

=
1

sin(𝑎 − 𝑏)
[log sin(𝑥 − 𝑎) − log sin(𝑥 − 𝑏)] + 𝑐 

=
1

sin(𝑎 − 𝑏)
log |

sin(𝑥 − 𝑎)

sin (𝑥 − 𝑏)
| + 𝑐 

15 (b) 

Putting 2 + 𝑥 = 𝑡2, we get 

𝐼 = ∫√
5 − 𝑥

2 + 𝑥
𝑑𝑥 = 2∫√7 − 𝑡2  𝑑𝑡 

⇒ 𝐼 = 𝑡 √7 − 𝑡2 + 7 sin−1
𝑡

√7
+ 𝐶 

⇒ 𝐼 = √𝑥 + 2√5 − 𝑥 + 7 sin−1
√𝑥 + 2

7
+ 𝐶 

16 (a) 

We have, 

𝐼 = ∫
2𝑥2 + 3

(𝑥2 − 1)(𝑥2 + 4)
𝑑𝑥 = ∫

1

𝑥2 − 1
𝑑𝑥 + ∫

1

𝑥2 + 4
𝑑𝑥 

⇒ 𝐼 =
1

2
log (

𝑥 − 1

𝑥 + 1
) +

1

2
tan−1 (

𝑥

2
) + 𝐶 

⇒ 𝐼 = −
1

2
log (

𝑥 + 1

𝑥 − 1
) +

1

2
tan−1 𝑥 + 𝐶 

∴ 𝑎 = −1/2and𝑏 = 1/2 

17 (c) 

∫𝑒𝑥
(𝑥 − 1)

𝑥2
 𝑑𝑥 

= ∫𝑒𝑥 (
1

𝑥
−
1

𝑥2
)  𝑑𝑥 

=
𝑒𝑥

𝑥
+ 𝑐 

18 (d) 

We have, 

𝐼 = ∫ cosec(𝑥 − 𝛼)cosec(𝑥 − 2𝛼)𝑑𝑥

3𝛼

0

 

⇒ 𝐼 =
1

sin𝛼
∫

sin𝛼

sin(𝑥 − 𝛼) sin(𝑥 − 2𝛼)

3𝛼

0

𝑑𝑥 

⇒ 𝐼 =
1

sin𝛼
∫
sin{(𝑥 − 𝛼) − (𝑥 − 2𝛼)}

sin(𝑥 − 𝛼) sin(𝑥 − 2𝛼)

3𝛼

0

𝑑𝑥 

⇒ 𝐼 =
1

sin𝛼
∫ cot(𝑥 − 2𝛼) − cot(𝑥 − 𝛼)

3𝛼

0

𝑑𝑥 
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⇒ 𝐼 =
1

sin𝛼
[log

sin(𝑥 − 2𝛼)

sin(𝑥 − 𝛼)
]
0

3𝛼

 

⇒ 𝐼 =
1

sin𝛼
[log

sin 𝛼

sin2𝛼
− log

sin2𝛼

sin𝛼
] 

⇒ 𝐼 =
1

sin𝛼
[log (

sin𝛼

2 sin𝛼 cos𝛼
)] =

2

sin𝛼
log (

1

2
sec𝛼) 

⇒ 𝐼 = 2 cosec 𝛼 log (
1

2
sec 𝛼) 

19 (a) 

∫
3𝑥 + 1

𝑥2 + 9 

3

0

 𝑑𝑥 =
3

2
∫

2𝑥

𝑥2 + 9 

3

0

 𝑑𝑥 + ∫
1

𝑥2 + 9 

3

0

 𝑑𝑥 

=
3

2
[log(𝑥2 + 9)]0

3 +
1

3
[tan−1

𝑥

3
]
0

3

 

=
3

2
[log 18 − log 9] +

1

3
[tan−1(1) − tan−1(0)] 

=
3

2
[log 2] +

𝜋

12
 

= log(2√2) +
𝜋

12
 

20 (a) 

Let  𝐼 = ∫
𝑑𝑥

√(1−𝑥)(𝑥−2)
 

= ∫
𝑑𝑥

√−𝑥2 + 3𝑥 − 2)
= ∫

𝑑𝑥

√1
4
− (𝑥 −

3

2
)
2

 

= sin−1(
(𝑥 −

3

2
)

1

2

) + 𝑐 = sin−1(2𝑥 − 3) + 𝑐 
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1 (d) 

Let g𝑛(𝑥) = 1 + 𝑥
2 + 𝑥4+. . . +𝑥2𝑛 =

𝑥2𝑛+2−1

𝑥2−1
 

∴ ℎ𝑛(𝑥) = g𝑛
′ (𝑥) =

2𝑥(𝑛𝑥2𝑛+2 − (𝑛 + 1)𝑥2𝑛 + 1)

(𝑥2 − 1)2
 

Now, 𝑓(𝑥) = lim
𝑛→∞

ℎ𝑛(𝑥) =
2𝑥

(𝑥2−1)2
 

As 0 < 𝑥 < 1 

Thus, ∫𝑓(𝑥)𝑑𝑥 = ∫
2𝑥

(𝑥2−1)2
𝑑𝑥 

= −
1

𝑥2 − 1
=

1

1 − 𝑥2
 

2 (c) 

∫
𝑑𝑥

sin 𝑥 − cos 𝑥 + √2
 

= ∫
𝑑𝑥

sin𝑥
√2

√2
− cos 𝑥

√2

√2
+ √2

 

= ∫
𝑑𝑥

√2(sin𝑥 sin
𝜋

4
− cos 𝑥 cos

𝜋

4
+ 1) 

 

=
1

√2
∫

𝑑𝑥

1 − cos ( 𝑥 +
𝜋

4
)

 

=
1

√2
∫

𝑑𝑥

1 − cos 2 (
𝑥

2
+
𝜋

8
)

 

=
1

√2
∫

𝑑𝑥

2 sin2 (
𝑥

2
+
𝜋

8
)

 

=
1

2√2
∫cosec2 (

𝑥

2
+
𝜋

8
)𝑑𝑥 

= −
1

2√2
∙
−cot(

𝑥

2
+
𝜋

8
)

1

2

+c=
1

√2
cot (

𝑥

2
+
𝜋

8
) + 𝑐 

3 (a) 

Topic :-INTEGRALS 

SOLUTIONS 
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Let 𝐼 = ∫
cos𝑥

1+sin𝑥

𝜋 2⁄

0
 𝑑𝑥 

= [log(1 + sin 𝑥)]0
𝜋 2⁄  

= log 2 − log 1 = log 2 

4 (b) 

Let 𝐼 = ∫
2 sin−1

𝑥

2

𝑥
𝑑𝑥

1

0
 

Put  sin−1
𝑥

2
= t ⇒

𝑥

2
= sin 𝑡  

⇒ 𝑥 = 2 sin 𝐼 

⇒ 𝑑𝑥 = 2 cos 𝑡 𝑑𝑡 

∴ 𝐼 = ∫
2𝑡

2 sin 𝑡
. 2 cos 𝑡 𝑑𝑡

𝜋

6

0

 

= ∫
2𝑡

tan 𝑡
𝑑𝑡

𝜋

6

0

 

= ∫
2𝑥

tan 𝑥
𝑑𝑥

𝜋

6

0

 

5 (a) 

Given ,∫ (
1

log𝑥
−

1

(log𝑥)2
)

𝑒

2
𝑑𝑥 = 𝑎 +

𝑏

log2
 

Put log 𝑥 = 𝑧 ⇒ 𝑥 = 𝑒𝑧 ⇒ 𝑑𝑥 = 𝑒𝑧𝑑𝑧 

∴ ∫ (
1

log 𝑥
−

1

(log 𝑥)2
) 𝑑𝑥 = ∫ (

1

𝑧
−
1

𝑧2
) 𝑒𝑧

1

log2

 𝑑𝑧
𝑒

2

 

= ∫ 𝑒2
1

log2

(
1

𝑧
+ 𝑑 (

1

𝑧
))𝑑𝑧 

= [𝑒2.
1

𝑧
]
log2 

1

= 𝑒 −
2

log 2
 

∴  𝑎 = 𝑒 and 𝑏 = −2 

7 (c) 

Let 𝐼 = ∫
𝑥 𝑑𝑥

[𝑥+√1−𝑥2]√1−𝑥2

1

0
 

Put 𝑥 = sin θ ⇒ 𝑑𝑥 = cos θ𝑑θ 

∴    𝐼 = ∫
sin θ cos θ𝑑θ

(sin θ + cos θ). cos θ

𝜋/2

0

 

⇒ 𝐼 = ∫
sin θ

sin θ + cos θ
𝑑θ…(i)

𝜋/2

0

 

⇒ 𝐼 = ∫
sin (

𝜋

2
− θ)

sin (
𝜋

2
− θ) + cos (

𝜋

2
− θ)

𝑑θ
𝜋/2

0

 

⇒ 𝐼 = ∫
cosθ

sinθ+cosθ
𝑑θ

𝜋/2

0
…(ii) 
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On addingEqs. (i) and (ii), we get 

2𝐼 = ∫ (
sin θ + cos θ

sin θ + cos θ
) 𝑑θ

𝜋/2

0

 

= ∫ 1𝑑θ =
𝜋

2
 ⇒ 𝐼 =

𝜋

4

𝜋/2

0

 

8 (d) 

Let 𝐼 = ∫ cot−1(1 − 𝑥 + 𝑥2)𝑑𝑥
1

0
 

= ∫ tan−1 (
1

𝑥2 − 𝑥 + 1
)𝑑𝑥

1

0

 

= ∫ tan−1 (
𝑥 − (𝑥 − 1)

1 + 𝑥(𝑥 − 1)
) 𝑑𝑥

1

0

 

= ∫ tan−1 𝑥 𝑑𝑥 − ∫ tan−1(𝑥 − 1)𝑑𝑥
1

0

1

0

 

= ∫ tan−1 𝑥 𝑑𝑥 − ∫ tan−1(1 − 𝑥 − 1)𝑑𝑥
1

0

1

0

 

= 2∫ tan−1 𝑥 𝑑𝑥 = 2 [𝑥 tan−1𝑥 − ∫
𝑥

1 + 𝑥2
𝑑𝑥]

0

11

0

 

= 2 [𝑥 tan−1 𝑥 −
1

2
log(1 + 𝑥2)]

0

1

 

= 2 [(1 tan−1 1 −
1

2
log 2) − (0 −

1

2
log 1)] 

=
𝜋

2
− log 2 

9 (a) 

Let 𝐼 = ∫
𝑑𝑥

(𝑥−3)√𝑥+1

15

8
 

Put 𝑥 = tan2 θ ⇒ θ = tan−1 √𝑥 

𝑑𝑥 = 2 tanθ sec2 θ 𝑑θ 

∴ 𝐼 = ∫
2 tan θ sec2 θ

(tan2 θ − 3)√tan2 θ + 1
𝑑θ

tan−1 √15

tan−1 √8

 

= ∫
2 tanθ sec2 θ

(sec2 θ − 1 − 3) secθ
𝑑θ

tan−1 √15

tan−1 √8

 

= ∫
2 tanθ sec2 θ

(sec2 θ − 4) secθ

tan−1 √15

tan−1 √8

𝑑θ 

= ∫
2 tanθ sec θ

(sec2 θ − 4)
𝑑θ

tan−1 √15

tan−1 √8

 

= [
1

2
log

(sec θ − 2)

(sec θ + 2)
]
tan−1 √8

tan−1 √15

[∵  ∫
1

𝑥2 − 𝑎2
𝑑𝑥 =

1

2𝑎
log (

𝑥 − 𝑎

𝑥 + 𝑎
)] 
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=
1

2
[log (

sec tan−1 √15 − 2

sec tan−1 √15 + 2
) − log(

sec tan−1 √8 − 2

sec tan−1 √8 + 2
)] 

=
1

2
[log (

sec sec−1 4 − 2

sec sec−1 4 + 2
) − log (

sec sec−1 3 − 2

sec sec−1 3 + 2
)] 

=
1

2
[log

2

6
− log

1

5
=
1

2
log

5

3
] 

10 (c) 

We have, 

⇒ 𝐼 = ∫{1 + 2 tan 𝑥 (tan 𝑥 + sec 𝑥)}1/2𝑑𝑥 

⇒ 𝐼 = ∫{1 + tan2 𝑥 + tan2 𝑥 + 2 tan 𝑥 sec 𝑥}1/2 𝑑𝑥 

⇒ 𝐼 = ∫(sec2 𝑥 + tan2 𝑥 + 2 tan 𝑥 sec 𝑥)1/2𝑑𝑥 

⇒ 𝐼 = ∫(tan 𝑥 + sec 𝑥)𝑑𝑥 

⇒ 𝐼 = log sec 𝑥 + log(sec 𝑥 + tan 𝑥) + 𝐶 

⇒ 𝐼 = log sec 𝑥 (sec 𝑥 + tan 𝑥) + 𝐶 

11 (a) 

We have, 

𝐼1 = ∫
1

1 + 𝑥4

∞

0

𝑑𝑥 and𝐼2 = ∫
𝑥2

1 + 𝑥4

∞

0

𝑑𝑥 

Putting 𝑥 =
1

𝑡
in 𝐼1, we get 

𝐼1 = ∫
𝑡4

1 + 𝑡4

0

∞

× −
1

𝑡2
𝑑𝑡 = ∫

𝑡2

𝑡 + 𝑡4

∞

0

𝑑𝑡 = 𝐼2 ⇒
𝐼1
𝐼2
= 1 

12 (c) 

Let 𝐼 = ∫
sin𝑥 

3+4cos2 𝑥
𝑑𝑥 

Put cos 𝑥 = 𝑡 ⇒  − sin 𝑥 𝑑𝑥 = 𝑑𝑡 

∴ 𝐼 = ∫
−𝑑𝑡

3 + 4𝑡2
=
−1

4
∫

𝑑𝑡

𝑡2 + (
√3

2
)
2 

⇒ 𝐼 = −
1

4 ∙
√3

2

∙ tan−1
𝑡

(
√3

2
)
+ 𝑐 

= −
1

2√3
tan−1

2𝑡

√3
+ 𝑐 

⇒ 𝐼 =
1

2√3
tan−1 (

2 cos 𝑥

√3
) + 𝑐 

13 (c) 

Let 𝑓(𝑥) = 𝑒cos
2𝑥. cos3(2𝑛 + 1)𝑥 

Then, 𝑓(𝜋 − 𝑥) = 𝑒cos
2(𝜋−𝑥). cos3[(2𝑛 + 1)𝜋 − (2𝑛 + 1)𝑥] 
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= −𝑒cos
2 𝑥. cos3(2𝑛 + 1)𝑥 

⇒ 𝑓(𝜋 − 𝑥) = −𝑓(𝑥) 

∴ 𝑓(𝑥)is an odd function. 

Hence, ∫ 𝑒cos
2 𝑥𝜋

0
. cos3(2𝑛 + 1)𝑥 𝑑𝑥 = 0 

14 (b) 

Given ,
𝑑

𝑑𝑥
{𝑓(𝑥)} =

1

1+𝑥2
 

On integrating both sides, we get 

𝑓(𝑥) = tan−1 𝑥 

∴  
𝑑

𝑑𝑥
 𝑓(𝑥3) =

𝑑

𝑑𝑥
 (tan−1 𝑥3) 

=
1

1 + (𝑥3)2
. 3𝑥2 

=
3𝑥2

1 + 𝑥6
 

15 (d) 

Let 𝐼 = ∫ [cot 𝑥]𝑑𝑥 … (i)
𝜋

0
 

⇒ 𝐼 = ∫ [cot(𝜋 − 𝑥)]𝑑𝑥 = ∫ [− cot 𝑥]𝑑𝑥    … (ii)
𝜋

0

𝜋

0

 

On addingEqs. (i) and (ii),  

2𝐼 = ∫ [cot 𝑥]𝑑𝑥 + ∫ [− cot 𝑥]𝑑𝑥
𝜋

0

𝜋

0

 

= ∫ (−1)𝑑𝑥
𝜋

0

 

[∵ [𝑥] + [−𝑥] = −,if𝑥 ∉ 𝑧 𝑎𝑛d[𝑥] + [−𝑥] = 0,if𝑥 ∈ 𝑧] 

= [−𝑥]0
𝜋 = −𝜋 

∴  𝐼 = −
𝜋

2
 

16 (c) 

Let 𝐼 = ∫ (|𝑥 + 1| + |𝑥 + 2| + |𝑥 − 1| )𝑑𝑥
2

−3
 

Again, let 𝑓(𝑥) = |𝑥 + 1| + |𝑥 + 2| + |𝑥 − 1| 

=

{
 
 

 
 
−(𝑥 + 1) − (𝑥 + 2) − (𝑥 − 1), −3 < 𝑥 ≤ −2
−(𝑥 + 1) + 𝑥 + 2 − (𝑥 − 1),    − 2 < 𝑥 ≤ −1
1 + 𝑥 + 𝑥 + 2 − (𝑥 − 1)     − 1 < 𝑥 ≤ 0

1 + 𝑥 + 𝑥 + 2 − (𝑥 − 1)     0 ≤ 𝑥 < 1
1 + 𝑥 + 𝑥 + 2 + 𝑥 − 1     1 ≤ 𝑥 < 2

 

= {

−3𝑥 − 2,      − 3 < 𝑥 ≤ −2
−𝑥 + 2, −2 < 𝑥 ≤ −1
𝑥 + 4, −1 ≤ 𝑥 < 1
3𝑥 + 2,      1 ≤ 𝑥 < 2
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∴ 𝐼 = ∫ (−3 − 2)𝑑𝑥 + ∫ (−𝑥 + 2)𝑑𝑥
−1

−2

−2

−3

 

+∫ (𝑥 + 4)𝑑𝑥 + ∫ (3𝑥 + 2)𝑑𝑥
2

1

1

−1

 

= [−
3𝑥2

2
− 2𝑥]

−3

−2

+ [−
𝑥2

2
+ 2𝑥]

−2

−1

 

+[
𝑥2

2
+ 4𝑥]

−1

1

+ [
3𝑥2

2
+ 2𝑥]

1

2

 

= [−6 + 4 − (−
27

2
+ 6)] + [−

1

2
− 2 − (−2 − 4)] 

+[
1

2
+ 4 − (

1

2
− 4)] [6 + 4 − (

3

2
+ 2)] 

=
11

2
+
7

2
+ 8 +

13

2
 

=
31

2
+ 8 =

47

2
 

Alternate 

Let 𝐼 = ∫ {|𝑥 + 1| + |𝑥 + 2| + |𝑥 − 1|}𝑑𝑥
2

−3
 

= ∫ |𝑥 + 1|𝑑𝑥 + ∫ |𝑥 + 1|𝑑𝑥 + ∫ |𝑥 + 2|𝑑𝑥
−2

−3

2

−1

−1

−3

 

+∫ |𝑥 + 2|𝑑𝑥 + ∫ |𝑥 − 1|𝑑𝑥
1

−3

2

−2

 

+∫ |𝑥 − 1|𝑑𝑥
2

1

 

= −∫ (𝑥 + 1)𝑑𝑥 + ∫ (𝑥 + 1)𝑑𝑥 − ∫ (𝑥 + 2)𝑑𝑥
−2

−3

2

−1

−1

−3

 

+∫ (𝑥 + 2)𝑑𝑥 − ∫ (𝑥 − 1)𝑑𝑥 + ∫ (𝑥 − 1)𝑑𝑥
2

1

1

−3

2

−2

 

= −(
𝑥2

2
+ 𝑥)

−3

−1

+ (
𝑥2

2
+ 𝑥)

−1

2

− (
𝑥2

2
+ 2𝑥)

−3

−2

 

+(
𝑥2

2
+ 2𝑥)

−2

2

− (
𝑥2

2
− 𝑥)

−3

1

− (
𝑥2

2
− 𝑥)

1

2

 

=
47

2
 

17 (b) 

∫ |𝑥3 + 𝑥2 + 3𝑥|𝑑𝑥
3

0

= ∫ (𝑥3 + 𝑥2 + 3𝑥)𝑑𝑥
3

0
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= [
𝑥4

4
+
𝑥3

3
+
3𝑥2

2
]
0

3

 

=
81

4
+
27

3
+
27

2
=
171

4
 

18 (b) 

∫
𝑑𝑥

sin 𝑥 cos 𝑥
= ∫

cos 𝑥

sin 𝑥 cos2 𝑥
𝑑𝑥 

= ∫
1

tan 𝑥
sec2 𝑥 𝑑𝑥 = log | tan 𝑥| + 𝑐 

19 (b) 

Let 𝐼 = ∫ {| sin 𝑥| −
1

2
| sin 𝑥|} 𝑑𝑥

2𝑛𝜋

0
 

= ∫
1

2

2𝑛𝜋

0

| sin 𝑥|𝑑𝑥 

=
1

2
[∫ | sin 𝑥|𝑑𝑥 + ∫ | sin 𝑥| 𝑑𝑥+. . .

4𝜋

2𝜋

2𝜋

0

 

+∫ | sin 𝑥}𝑑𝑥 ]
2𝑛𝜋

2(𝑛−1)𝜋

 

Now, 𝐼1 = ∫ | sin 𝑥|𝑑𝑥
2𝜋

0
 

= ∫ sin 𝑥 𝑑𝑥 − ∫ sin 𝑥 𝑑𝑥
2𝜋

𝜋

𝜋

0

 

= [− cos 𝑥]0
𝜋 + [cos 𝑥 ]𝜋

2𝜋 = 4 

∴  𝐼 =
1

2
[4 + 4 + 4+. . . +𝑛 times] 

=
1

2
(4𝑛) = 2𝑛 

𝐼 = ∫
1

2
| sin 𝑥| 𝑑𝑥

2𝑛𝜋

0

 

Since |sin 𝑥| is periodic with period 𝜋. 

∴  𝐼 = 2𝑛∫
| sin 𝑥|𝑑𝑥

2

𝜋

0

 

𝐼 = 𝑛∫ sin 𝑥 𝑑𝑥
𝜋

0

 

= [− cos 𝑥 ]0
𝜋 

⇒ 𝐼 = 2𝑛 

Alternate 

𝐼 = ∫
1

2
| sin 𝑥|𝑑𝑥

2𝑛𝜋

0

 

Since, |sin 𝑥|is periodic with period 𝜋. 
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∴ 𝐼 + 2𝑛∫
| sin 𝑥|

2

𝜋

0

𝑑𝑥 = 𝑛∫ sin 𝑥 𝑑𝑥 = 𝑛[− cos 𝑥 ]0
𝜋

𝜋

0

 

⇒   𝐼 = 2𝑛 

20 (d) 

Given,  ∫ 𝑥3 𝑑𝑥 = 0
𝑏

𝑎
 and ∫ 𝑥2 𝑑𝑥 =

2

3

𝑏

𝑎
 

If we take 𝑎 = −1and 𝑏 = 1, then it will satisfy the given integration. 

 

 

 

ANSWER-KEY 
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1 (b) 

Let 

𝐼 = ∫ cosec (𝑥 − 𝜋/3)

𝜋/2

0

cosec(𝑥 − 𝜋/6)𝑑𝑥 

⇒ 𝐼 = 2∫
sin[(𝑥 − 𝜋/6) − (𝑥 − 𝜋/3)]

sin(𝑥 − 𝜋/6) sin(𝑥 − 𝜋/3)

𝜋/2

0

𝑑𝑥 

⇒ 𝐼 = 2∫ [cot(𝑥 − 𝜋/3) − cot(𝑥 − 𝜋/6)]

𝜋/2

0

𝑑𝑥 

⇒ 𝐼 = 2 [log sin (𝑥 −
𝜋

3
) − log sin (𝑥 −

𝜋

6
)]
0

𝜋/2

 

⇒ 𝐼 = 2 [log (
sin(𝑥 − 𝜋/3)

sin(𝑥 − 𝜋/6)
)]
0

𝜋/2

 

⇒ 𝐼 = 2 [log (
1/2

√3/2
) − log (

√3/2

1/2
)] 

⇒ 𝐼 = 2[− log√3 − log√3] = −4 log√3 = −2 log 3 

2 (c) 

Primitive function means indefinite integral.  

∴ Primitive function of 𝑓(𝑥) 

𝐼 = ∫
√(𝑎2−𝑥2)

𝑥4
𝑑𝑥         (say) 

= ∫
𝑥√

𝑎2

𝑥2
− 1

𝑥 ∙ 𝑥3
𝑑𝑥 

= ∫
1

𝑥3
∙ √(

𝑎2

𝑥2
− 1)𝑑𝑥 

Put 
𝑎2

𝑥2
− 1 = 𝑡2 

Topic :-INTEGRALS 

SOLUTIONS 
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⇒ −
2𝑎2

𝑥3
𝑑𝑥 = 2𝑡 𝑑𝑡 

⇒
1

𝑥3
𝑑𝑥 = −

1

𝑎2
𝑡 𝑑𝑡 

Then, 𝐼 = −
1

𝑎2
∫ 𝑡2𝑑𝑡 

= −
1

3𝑎2
𝑡3 + 𝑐 

= −
1

3𝑎2
(
𝑎2

𝑥2
− 1)

3/2

+ 𝑐  

= −
(𝑎2 − 𝑥2)3/2

3𝑎2𝑥3
+ 𝑐 

3 (c) 

We have, 

(𝑥) = {
𝑥, for 𝑥 < 1

𝑥 − 1 for 𝑥 ≥ 1
, 

⇒ 𝑥2𝑓(𝑥) = {
𝑥3, for 𝑥 < 1

𝑥3 − 𝑥2 for 𝑥 ≥ 1
 

⇒ ∫𝑥2𝑓(𝑥)

2

0

𝑑𝑥 = ∫𝑥3𝑑𝑥

1

0

+∫𝑥3 − 𝑥2
2

1

𝑑𝑥 =
5

3
 

4 (d) 

∫
𝑥2 + 𝑥 − 6

(𝑥 − 2)(𝑥 − 1)
𝑑𝑥 = ∫

𝑥 + 3

𝑥 − 1
𝑑𝑥 

= ∫1𝑑𝑥 + ∫
4

(𝑥 − 1)
𝑑𝑥 

= 𝑥 + 4 log(𝑥 − 1) + 𝑐 

5 (b) 

We have, 

𝐼 = ∫
𝑥3

(1 + 𝑥2)1/3
𝑑𝑥 =

1

2
∫

𝑥2

(1 + 𝑥2)1/3
∙ 2𝑥 𝑑𝑥 

⇒ 𝐼 =
1

2
∫
(1 + 𝑥2) − 1

(1 + 𝑥2)1/3
𝑑(1 + 𝑥2) 

⇒ 𝐼 =
1

2
∫{(1 + 𝑥2)2/3 − (1 + 𝑥2)−1/3} 𝑑(1 + 𝑥2) 

⇒ 𝐼 =
1

2
{
3

5
(1 + 𝑥2)5/3 −

3

2
(1 + 𝑥2)2/3} + 𝐶 

⇒ 𝐼 =
1

2
(1 + 𝑥2)2/3 {

3

5
(1 + 𝑥2) −

2

3
} + 𝐶 

⇒ 𝐼 =
1

20
(1 + 𝑥2)2/3(6𝑥2 − 9) + 𝐶 =

3

20
(1 + 𝑥2)2/3(2𝑥2 − 3) + 𝐶 

6 (b) 

We have, 
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∫ {𝑎|sin𝑥| +
𝑏 sin 𝑥

1 + cos 𝑥
+ 𝑐}

𝜋/4

−𝜋/4

𝑑𝑥 = 0 

⇒ 𝑎 ∫ |sin𝑥|

𝜋/4

−𝜋/4

𝑑𝑥 + 𝑏 ∫
sin𝑥

1 + cos 𝑥

𝜋/4

−𝜋/4

𝑑𝑥 + 𝑐 ∫ 𝑑𝑥 = 0

𝜋/4

−𝜋/4

 

⇒ 2𝑎 ∫ |sin𝑥|

𝜋/4

0

𝑑𝑥 + 𝑏 × 0 + 2𝑐 ∫ 𝑑𝑥 = 0

𝜋/4

0

 

⇒ 2𝑎 ∫ sin𝑥

𝜋/4

0

 𝑑𝑥 + 2𝑐 ×
𝜋

4
= 0 

⇒ −2𝑎 (cos
𝜋

4
− cos 0) +

𝜋𝑐

2
= 0 

⇒ −2𝑎 (
1

√2
− 1) +

𝜋𝑐

2
= 0 ⇒ 𝑎(2 − √2) +

𝜋𝑐

2
= 0 

7 (c) 

Let 𝐼 = ∫ {|𝑥 − 2| + |𝑥 − 3|}𝑑𝑥
4

2
 

= ∫ {(𝑥 − 2) + (3 − 𝑥)}𝑑𝑥 + ∫ {(𝑥 − 2) + (𝑥 − 3)}𝑑𝑥
4

3

3

2

 

= ∫ 𝑑𝑥 + ∫ (2𝑥 − 5)𝑑𝑥
4

3

3

2

 

= [𝑥]2
3 + [𝑥2 − 5𝑥]3

4 

= 3 − 2 + [16 − 20 − (9 − 15)] 

= 1 + 2 = 3 

8 (a) 

g(𝑥) = ∫ cos4 𝑡 𝑑𝑡
𝑥

0
    (given) 

g(𝑥 + π) = ∫ cos4 𝑡 𝑑𝑡
π+𝑥

0

 

= ∫ cos4 𝑡 𝑑𝑡 + ∫ cos4 𝑡 𝑑𝑡 = 𝐼1 + 𝐼2

π+𝑥

π

π

0

 

⇒ 𝐼1 = g(π) 

𝐼2 = ∫ cos4 𝑡 𝑑𝑡
π+𝑥

π

 

Put 𝑡 = π + 𝑦 ⇒ 𝑑𝑡 = 𝑑𝑦 

𝐼2 = ∫ cos4(𝑦 + 𝜋)𝑑𝑦 =
𝑥

0

∫ [cos(π + 𝑦)]4𝑑𝑦
𝑥

0

 

= ∫ (−cos 𝑦)4 𝑑𝑦 = ∫ cos4 𝑦 𝑑𝑦 = g(𝑥)
𝑥

0

𝑥

0

 

∴   g(𝑥 + π) = g(𝑥) + g(π) 

9 (b) 
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We have, 

⇒ 𝐼 = ∫cos3 𝑥 𝑒log(sin𝑥)𝑑𝑥 = ∫cos3 𝑥 sin 𝑥  𝑑𝑥 

⇒ 𝐼 = −∫cos3 𝑥  𝑑(cos 𝑥) = −
cos4 𝑥

4
+ 𝐶 

10 (a) 

Put 𝑥 + 1 = 𝑡2  ⟹  𝑑𝑥 = 2𝑡 𝑑𝑡 

At 𝑥 = 8, 𝑡 = 3 and 𝑥 = 15, 𝑡 = 4 

∴ 𝐼 = ∫
2𝑡 𝑑𝑡

(𝑡2 − 1 − 3)𝑡

4

3

 

= ∫
2𝑑𝑡

(𝑡2 − 4)

4

3

= 2.
1

4
[log

𝑡 − 2

𝑡 + 2
]
3

4

 

=
1

2
[log

1

3
− log

1

5
] =

1

2
log

5

3
 

11 (a) 

Using sin2 𝑥 =
1−cos𝑥

2
and cos2 𝑥 =

1+cos2𝑥

2
, 

We get 

𝐼 = ∫
sin4 𝑥

sin4 𝑥 + cos4 𝑥
𝑑𝑥 = ∫

(1 − cos2𝑥)2

2(1 + cos2 2𝑥)
𝑑𝑥 

⇒ 𝐼 =
1

2
∫1 −

2 cos 2𝑥

2 − sin2 2𝑥
𝑑𝑥 

⇒ 𝐼 =
1

2
{𝑥 −

1

2√2
log |

√2 + sin2𝑥

√2 − sin2𝑥
|} + 𝐶 

12 (c) 

We have, 

𝑓(𝑥) =

{
 
 

 
 

∫−𝑡 𝑑𝑡

𝑥

−1

, −1 ≤ 𝑥 ≤ 0

∫−𝑡𝑑𝑡

0

−1

+∫𝑡𝑑𝑡

𝑥

0

, 𝑥 ≥ 0

 

⇒ 𝑓(𝑥) = {

1

2
(1 − 𝑥2), −1 ≤ 𝑥 ≤ 0

1

2
(1 + 𝑥2), 𝑥 ≥ 0

 

13 (b) 

Since √1 + 𝑥2 > 𝑥2 for all 𝑥 ∈ [1, 2]. Therefore, 
1

√1+𝑥2
<

1

𝑥
for all 𝑥 ∈ [1, 2] 

⇒ ∫
1

√1 + 𝑥2

2

1

𝑑𝑥 < ∫
1

𝑥

2

1

𝑑𝑥 ⇒ 𝐼1 < 𝐼2 

14 (a) 
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Let 𝑓(𝑥) = (1 − 𝑥2) sin 𝑥 cos2 𝑥 

𝑓(−𝑥) = [1 − (−𝑥)2][sin(−𝑥)] cos2(−𝑥) 

= −(1 − 𝑥2) sin 𝑥 cos2 𝑥 = −𝑓(𝑥) 

⇒ 𝑓(𝑥)is an odd function. 

∴ ∫ (1 − 𝑥2) sin 𝑥 cos2 𝑥 𝑑𝑥 = 0
𝜋

−𝜋

 

15 (c) 

We have, 

𝐼𝑛 = ∫ 𝑥𝑛

𝜋/2

0

sin 𝑥  𝑑𝑥 

                I      II 

⇒ 𝐼𝑛 = [−𝑥
𝑛 cos𝑥]0

𝜋/2
+ 𝑛 ∫ 𝑥𝑛−1 cos𝑥 𝑑𝑥

𝜋/2

0

 

                                                            I          II 

⇒ 𝐼𝑛 = 𝑛[𝑥
𝑛−1 sin 𝑥]0

𝜋/2
− 𝑛(𝑛 − 1) ∫ 𝑥𝑛−2 sin 𝑥 𝑑𝑥

𝜋/2

0

 

⇒ 𝐼𝑛 = 𝑛 (
𝜋

2
)
𝑛−1

− 𝑛(𝑛 − 1)𝐼𝑛−2 

Putting 𝑛 = 4, we get 

𝐼4 + 12𝐼2 = 4(
𝜋

2
)
3

 

16 (b) 

We have, 

∫𝑥[𝑥]

2

0

𝑑𝑥 = ∫𝑥 × 0

1

0

𝑑𝑥 + ∫𝑥

2

1

𝑑𝑥 =
3

2
 

17 (b) 

∫
𝑑𝑥

𝑥2 + 2𝑥 + 2
= ∫

𝑑𝑥

(𝑥 + 1)2 + 1

0

−1

0

−1

 

= [tan−1(𝑥 + 1)]−1
0  

= [tan−1 1 − tan−1 0] =
π

4
− 0 =

π

4
 

18 (d) 

Let 𝐼 = ∫ 𝑥3 sin4 𝑥 𝑑𝑥
𝜋/4

–𝜋/4
 

Since, 𝑥3 sin4 𝑥 is an odd function 

∴  𝐼 = 0 

19 (c) 

𝐼1 = ∫ 𝑥𝑓{𝑥(1 − 𝑥)}𝑑𝑥
𝑘

1−𝑘
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= ∫ (1 − 𝑥)𝑓[(1 − 𝑥){1 − (1 − 𝑥)}]𝑑𝑥(put𝑥 = 1 − 𝑥)
𝑘

1−𝑘

 

= ∫ (1 − 𝑥)𝑓{𝑥(1 − 𝑥)}𝑑𝑥
𝑘

1−𝑘

 

= ∫ 𝑓{𝑥(1 − 𝑥)}𝑑𝑥 − ∫ 𝑥𝑓{𝑥(1 − 𝑥)}𝑑𝑥
𝑘

1−𝑘

𝑘

1−𝑘

 

= 𝐼2 − 𝐼1 

∴ 2𝐼1 = 𝐼2 

⇒  
𝐼1
𝐼2
=
1

2
 

20 (a) 

We have, 

𝐼𝑛 = ∫ tan𝑛 𝑥

𝜋/4

0

𝑑𝑥 

∴ 𝐼𝑛+1 + 𝐼𝑛−1 = ∫ (tan𝑛+1 𝑥 + tan𝑥−1 𝑥)

𝜋/4

0

𝑑𝑥 

⇒ 𝐼𝑛+1 + 𝐼𝑛−1 = ∫ (tan𝑛−1 𝑥 sec2 𝑥)

𝜋/4

0

𝑑𝑥 

⇒ 𝐼𝑛+1 + 𝐼𝑛−1 = [
tan𝑛 𝑥

𝑛
]
0

𝜋/4

=
1

𝑛
 

⇒ 𝑛(𝐼𝑛+1 + 𝐼𝑛−1) = 1 

⇒ lim
𝑛→∞

(𝐼𝑛+1 + 𝐼𝑛−1) = 1 
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1 (c) 

∫
1

𝑥
𝑑𝑥

𝑒

1

= [log 𝑥]1
𝑒 = log 𝑒 − log 1 = 1 

2 (b) 

We have, 

lim
𝑛→∞

199 + 299 +⋯+ 𝑛99

𝑛100
= lim

𝑛→∞
∑

𝑟99

𝑛100

𝑛

𝑟=1

= lim
𝑛→∞

1

𝑛
∑(

𝑟

𝑛
)

𝑛

𝑟=1

99

 

= ∫𝑥99
1

0

𝑑𝑥 = [
𝑥100

100
]
0

1

=
1

100
− 0 =

1

100
 

3 (a) 

We have, 

𝐼 = ∫
cos 2𝑥

cos𝑥
𝑑𝑥 = ∫2 cos 𝑥 − sec 𝑥 𝑑𝑥 

⇒ 𝐼 = 2 sin𝑥 − log(sec 𝑥 + tan 𝑥) + 𝐶 

⇒ 𝐼 = 2 sin𝑥 + log(sec 𝑥 − tan 𝑥) + 𝐶 

4 (c) 

We have, 

𝐼 = ∫𝑓′(𝑎𝑥 + 𝑏){𝑓(𝑎𝑥 + 𝑏)}𝑛  𝑑𝑥 

⇒ 𝐼 =
1

𝑎
∫{𝑓(𝑎𝑥 + 𝑏)}𝑛 𝑑{𝑓(𝑎𝑥 + 𝑏)} =

1

𝑎
×
{(𝑎𝑥 + 𝑏)}𝑛+1

𝑛 + 1
+ 𝐶 

5 (c) 

∵ 2𝑥
3
< 2𝑥

2
, 0 < 𝑥 < 1   and2𝑥

3
> 2𝑥

2
, 𝑥 > 1 

∴ 𝐼4 > 𝐼3and𝐼2 < 𝐼1 

6 (c) 

 Let 𝐼 = ∫
√tan𝑥

sin𝑥 cos𝑥
 𝑑𝑥 

= ∫
√sin 𝑥

√cos 𝑥 sin 𝑥 cos 𝑥
 𝑑𝑥 

= ∫
1

√sin 𝑥 cos3 2⁄ 𝑥
 𝑑𝑥 
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= ∫
1

√tan 𝑥 cos2 𝑥
 𝑑𝑥 

= ∫
sec2 𝑥

√tan 𝑥
 𝑑𝑥 

Put   tan 𝑥 = 𝑡 ⇒ sec2 𝑥  𝑑𝑥 = 𝑑𝑡 

∴  𝐼 = ∫
1

√𝑡
 𝑑𝑡 = 2√𝑡 = 2√tan 𝑥 

7 (b) 

Let 𝐼 = lim
𝑛→∞

1

𝑛
∑

𝑟

√𝑛2+𝑟2
2𝑛
𝑟=1  

= lim
𝑛→∞

1

𝑛
∑

𝑟

𝑛√1 + (𝑟/𝑛)2

2𝑛

𝑟=1

 

= lim
𝑛→∞

1

𝑛
∑

𝑟/𝑛

√1 + (𝑟/𝑛 )2

2𝑛

𝑟=1

 

Put 
𝑟

𝑛
= 𝑥,

1

𝑛
𝑑𝑥, lim

𝑛→∞
∑ = ∫

2

0
2𝑛
𝑟=1  

∴ 𝐼 = ∫
𝑥

√1 + 𝑥2
𝑑𝑥 = [√1 + 𝑥2 ]0

2
2

0

= √5 − 1 

8 (a) 

∵ 𝐼 = ∫
𝑥 log 𝑥

(1 + 𝑥2)2

∞

0

𝑑𝑥 

Put 𝑥 = tanθ ⇒ 𝑑𝑥 = sec2 θ 𝑑θ 

∴ 𝐼 = ∫
tanθ log(tan θ)

sec4 θ
sec2 θ

𝜋/2

0

𝑑θ 

= ∫
sinθ log(tan θ)

cosθ ∙
1

cos2 θ

𝑑θ
𝜋/2

0

 

= ∫ sin θ cos θ log(tan θ) 𝑑θ
𝜋/2

0

 

=
1

2
∫ sin2θ log(tan θ) 𝑑θ = 0(∵ ∫ sin  2θ log tan θ 𝑑θ = 0

π/2

0

)
𝜋/2

0

 

9 (a) 

∫ [𝑥[1 + sin𝜋𝑥] + 1]𝑑𝑥
1

−1

 

= ∫ [𝑥[1 + sinπ𝑥] + 1]𝑑𝑥 + ∫ [𝑥[1 + sinπ𝑥] + 1]𝑑𝑥
1

0

0

−1

 

Now, −1 < 𝑥 < 0  ⇒  [1 + sinπ𝑥] = 0 

0 < 𝑥 < 1  ⇒  [1 + sinπ𝑥] = 1 

⇒ [𝑥[1 + sinπ𝑥] + 1] = 1 

∴  ∫ [𝑥[1 + sinπ𝑥] + 1]𝑑𝑥 = 2
1

−1
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10 (d) 

We have, 

𝐼 = ∫ 𝑒−𝑎𝑥
2

∞

0

𝑑𝑥 

⇒ 𝐼 =
1

√𝑎
∫ 𝑒−(√𝑎 𝑥)

2

𝑑(√𝑎𝑥)

∞

0

 

⇒ 𝐼 =
1

√𝑎
×
√𝜋

2
⇒ 𝐼 =

1

2

√𝜋

𝑎
[∵ ∫ 𝑒−𝑥

2

∞

0

𝑑𝑥 =
√𝜋

2
] 

11 (d) 

Let 𝐼 = ∫
2𝑥

√1−4𝑥
𝑑𝑥 ∙ Then, 

𝐼 =
1

log 2
∫

1

1 − (2𝑥)2
𝑑(2𝑥) =

1

log 2
sin−1(2𝑥) + 𝐶 

∴ 𝐾 =
1

log 2
 

12 (d) 

We have, 

𝐼 = ∫(cos𝑎𝑥 − sin𝑏𝑥)2
𝜋

−𝜋

𝑑𝑥 

⇒ 𝐼 = ∫(cos2 𝑎𝑥 − sin2 𝑏𝑥 − 2 cos 𝑎𝑥 sin𝑏𝑥)

𝜋

−𝜋

𝑑𝑥 

⇒ 𝐼 = ∫(cos2 𝑎𝑥 − sin2 𝑏𝑥)

𝜋

−𝜋

𝑑𝑥 − 2 ∫ cos 𝑎𝑥 sin 𝑏𝑥 𝑑𝑥

𝜋

−𝜋

 

⇒ 𝐼 = 2 ∫(cos2 𝑎𝑥 + sin2 𝑏𝑥)

𝜋

−𝜋

𝑑𝑥 − 0 

⇒ 𝐼 = 2∫
1 + cos2𝑎𝑥

2

𝜋

0

+
1 − cos 2𝑏𝑥

2
𝑑𝑥 

⇒ 𝐼 = ∫2 + cos2𝑎𝑥 − cos 2𝑏𝑥 𝑑𝑥 = 2𝜋

𝜋

0

 

13 (d) 

Let 𝐼 = ∫
𝑚𝑥𝑚+2𝑛−1−𝑛𝑥𝑛−1

𝑥2𝑚+2𝑛+2𝑥𝑚+𝑛+1
 𝑑𝑥 

= ∫
𝑚𝑥𝑚+2𝑛−1 − 𝑛𝑥𝑛−1

(1 + 𝑥𝑚+𝑛)2
𝑑𝑥 

∴ 𝐼 = ∫
𝑚𝑥𝑚−1 −

𝑛

𝑥𝑛+1

(𝑥𝑚 +
1

𝑥𝑛
)
2 𝑑𝑥 
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Let 𝑥𝑚 +
1

𝑥𝑛
= 𝑡 

⇒ 𝑚𝑥𝑚−1 −
𝑛

𝑥𝑛+1
𝑑𝑥 = 𝑑𝑡 

∴ 𝐼 = ∫
1

𝑡2
𝑑𝑡 = −

1

𝑡
+ 𝑐 

=
−1

(𝑥𝑚 +
1

𝑥𝑛
)
+ 𝑐 =

−𝑥𝑛

𝑥𝑚+𝑛 + 1
+ 𝑐 

14 (b) 

We have, 

𝐼 = ∫ |sin 𝑥|𝑑𝑥

16 𝜋/3

0

= ∫ | sin𝑥 |𝑑𝑥

5𝜋

0

+ ∫ |sin𝑥|𝑑𝑥

16𝜋/3

5𝜋

 

⇒ 𝐼 = 5∫|sin 𝑥|

𝜋

0

𝑑𝑥 + ∫ | sin𝑥 |

𝜋/3

0

𝑑𝑥    [∵ |sin 𝑥|is periodic with period 𝜋] 

⇒ 𝐼 = 5∫ sin𝑥 𝑑𝑥

𝜋

0

+ ∫ sin𝑥 𝑑𝑥

𝜋/3

0

= 5 × 2 + (−
1

2
+ 1) =

21

2
 

15 (d) 

Let 𝐼 = ∫ {𝑓(𝑥) + 𝑓(−𝑥)}{𝑔(𝑥) − 𝑔(−𝑥)}
𝜋 2⁄

−𝜋 2⁄
 𝑑𝑥 

Again, let 

ℎ(𝑥) = {𝑓(𝑥) + 𝑓(−𝑥)}{𝑔(𝑥) − 𝑔(−𝑥)} 

⇒ ℎ(−𝑥) = {𝑓(−𝑥) + 𝑓(𝑥)}{𝑔(−𝑥) − 𝑔(𝑥)} 

⇒ ℎ(−𝑥) = −ℎ(𝑥) 

Hence, ℎ(𝑥) is an odd function 

∴  𝐼 = 0 

16 (a) 

We have, 

𝐼 = ∫
√tan 𝑥

sin 𝑥 cos 𝑥
𝑑𝑥 = ∫

√tan 𝑥

tan 𝑥
sec2 𝑥 𝑑𝑥 

⇒ 𝐼 = ∫(tan 𝑥)−1/2 𝑑(tan 𝑥) = 2√tan 𝑥 + 𝐶 

18 (c) 

We have, 

∫ {
𝑎

3
|tan 𝑥| +

6 tan 𝑥

1 + sec 𝑥
+ 𝑐}

𝜋/3

−𝜋/3

𝑑𝑥 = 0 
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⇒
𝑎

3
∫ |tan 𝑥|

𝜋/3

−𝜋/3

𝑑𝑥 + 𝑏 ∫
tan 𝑥

1 + sec 𝑥

𝜋/3

−𝜋/3

𝑑𝑥 + 𝑐 ∫ 𝑑𝑥

𝜋/3

−𝜋/3

= 0 

⇒ 2𝑎 ∫ tan𝑥 𝑑𝑥 + 𝑏 × 0 + 𝑐 (
2𝜋

3
) = 0

𝜋/3

0

 

⇒
2𝑎

3
[log𝑒|sec 𝑥|]0

𝜋/3
+
2𝜋

3
𝑐 = 0 

⇒
2𝑎

3
ln 2 +

2𝜋

3
𝑐 = 0 ⇒ 𝑐 = −

𝑎

𝜋
ln 2 

19 (d) 

Given, 𝑓′(2) = tan
𝜋

4
= 1, 𝑓′(4) = tan

𝜋

3
= √3 

∴ ∫ 𝑓′(𝑥)𝑓′′(𝑥)𝑑𝑥 = [
1

2
[𝑓′(𝑥) ]2]

2

44

2

 

=
1

2
[𝑓′(4) ]2 −

1

2
[𝑓′(2)]2 

=
3

2
−
1

2
= 1 

20 (a) 

Let 𝐼 = ∫
𝑑𝑥

cos3𝑥√2 sin2𝑥
 

= ∫
𝑑𝑥

cos3 𝑥√4 sin𝑥 cos 𝑥
=
1

2
∫

𝑑𝑥

cos7/2 𝑥 sin1/2 𝑥
 

=
1

2
∫
sec4 𝑥

√tan 𝑥
𝑑𝑥 =

1

2
∫
(1 + tan2 𝑥) sec2 𝑥

√tan 𝑥
𝑑𝑥 

Put tan 𝑥 = 𝑡 ⇒ sec2 𝑥 𝑑𝑥 = 𝑑𝑡 

∴ 𝐼 =
1

2
∫
1 + 𝑡2

√𝑡
𝑑𝑡 

=
1

2
∫𝑡−1/2𝑑𝑡 +

1

2
∫ 𝑡3/2𝑑𝑡 = 𝑡1/2 +

𝑡5/2

5
+ 𝑐 

= √tan𝑥 +
1

5
tan5/2𝑥 + 𝑐 
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1 (b) 

On putting, 𝑥 = tanθ  ⇒   𝑑𝑥 = 𝑠𝑐𝑒2θ 𝑑θ, we get 

𝑓(𝑥) = ∫
tan2 θ. sec2 θ

sec2θ(1 + sec θ)
𝑑θ 

= ∫
sec2 θ − 1

1 + sec θ
𝑑θ = ∫(sec θ − 1)𝑑θ 

= log(sec θ + tanθ) − θ + 𝑐 

⇒   𝑓(𝑥) = log(√1 + 𝑥2 + 𝑥) − tan−1 𝑥 + 𝑐 

At  𝑥 = 0,   𝑓(0) = log(1 + 0) − 0 + 𝑐  ⇒   𝑐 = 0  

∴   𝑓(𝑥) = log(√1 + 𝑥2 + 𝑥) − tan−1 𝑥 

At  𝑥 = 1, 𝑓(1) = log(1 + √2) −
𝜋

4
 

2 (b) 

We have, 

𝐼 = ∫
1

(1+𝑥2)3/2
1

0
𝑑𝑥 = ∫ cos 𝜃

𝜋/4

0
, where 𝑥 = tan 𝜃 

⇒ 𝐼 =
1

√2
 

43 (a) 

We have, 𝐼(𝑚, 𝑛) = 𝐼 = ∫ 𝑡𝑚(1 + 𝑡)𝑛𝑑𝑡
1

0
 

⇒  𝐼(𝑚, 𝑛) = [(1 + 𝑡)𝑛 ∙
𝑡𝑚+1

𝑚 + 1
]
0

1

−
𝑛

𝑚 + 1
∫ (1 + 𝑡)𝑛−1𝑡𝑚+1𝑑𝑡
1

0

 

⇒  𝐼(𝑚, 𝑛) =
2𝑛

𝑚 + 1
−

𝑛

𝑚 + 1
𝐼(𝑚 + 1, 𝑛 − 1) 

4 (b) 

Let 𝐼 = ∫
tan−1 𝑥

1+𝑥2
 𝑑𝑥

1

0
 

Put tan−1 𝑥 = 𝑡 ⇒
1

1+𝑥2
𝑑𝑥 = 𝑑𝑡 

∴  𝐼 = ∫ 𝑡 𝑑𝑡 = [
𝑡2

2
]
0

π/4π/4

0

 

=
1

2
[(
π

4
)
4

− 02] =
π2

32
 

5 (b) 
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Let 𝐼 = ∫
𝑥2

𝑥2−4

5

3
 𝑑𝑥 = ∫ (

𝑥2−4

𝑥2−4
+

4

𝑥2−4
)

5

3
𝑑𝑥 

= ∫ (1 +
4

𝑥2 − 4
)

5

3

𝑑𝑥 

= [𝑥 +
4

2 × 2
log𝑒 (

𝑥 − 2

𝑥 + 2
)]
3

5

 

= [5 + log𝑒 (
5 − 2

5 + 2
) − 3 − log𝑒 (

3 − 2

3 + 2
)] 

= 2 + log𝑒 (
3

7
) − log𝑒 (

1

5
) 

= 2 + log𝑒 (
3

7
×
5

1
) = 2 + log𝑒 (

15

7
) 

6 (b) 

∫√𝑥2 + 𝑎2 𝑑𝑥 = ∫√𝑥2 + 𝑎2 ∙ 1 𝑑𝑥 

= √𝑥2 + 𝑎2∫1𝑑𝑥 −∫[
𝑑

𝑑𝑥
(√𝑥2 + 𝑎2)∫1𝑑𝑥]𝑑𝑥 

= 𝑥√𝑥2 + 𝑎2 −∫[
2𝑥

2√𝑥2 + 𝑎2
𝑥] 𝑑𝑥 

= 𝑥√𝑥2 + 𝑎2 −∫[
𝑥2 + 𝑎2 − 𝑎2

√𝑥2 + 𝑎2
] 𝑑𝑥 

= 𝑥√𝑥2 + 𝑎2 −∫[√𝑥2 + 𝑎2 −
𝑎2

√𝑥2 + 𝑎2
] 𝑑𝑥 

= 𝑥√𝑥2 + 𝑎2 −∫√𝑥2 + 𝑎2𝑑𝑥 + 𝑎2∫
𝑑𝑥

√𝑥2 + 𝑎2
 

= 𝑥√𝑥2 + 𝑎2 − 𝐼 + 𝑎2 log[𝑥 + √𝑥2 + 𝑎2] + 𝑐 

⇒ 2𝐼 = 𝑥√𝑥2 + 𝑎2 + 𝑎2 log[𝑥 + √𝑥2 + 𝑎2] + 𝑐 

⇒ 𝐼 =
𝑥

2
√𝑥2 + 𝑎2 +

𝑎2

2
log [ 𝑥√𝑥2 + 𝑎2] + 𝑐 

7 (b) 

𝐼𝑛 + 𝐼𝑛+2 = ∫ tan𝑛 𝑥(1 + tan2 𝑥)𝑑𝑥 = ∫ tan𝑛 𝑥 sec2 𝑥 𝑑𝑥
𝜋/4

0

𝜋/4

0

 

Put tan 𝑥 = 𝑡 ⇒ sec2 𝑥𝑑𝑥 = 𝑑𝑡 

∴ 𝐼𝑛 + 𝐼𝑛+2 = ∫ 𝑡𝑛  𝑑𝑡 =
1

𝑛 + 1

1

0

 

⇒ lim
𝑛→∞

𝑛[𝐼𝑛 + 𝐼𝑛+2] = lim
𝑛→∞

𝑛

𝑛 + 1
= lim

𝑛→∞

1

(1 +
1

𝑛
)

= 1 

8 (b) 

Put 𝑥 + 1 = 𝑡2 

⇒  𝑑𝑥 = 2𝑡 𝑑𝑡 
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⇒ 𝑥2 + 1 = (𝑡2 − 1)2 + 1 

= 𝑡4 − 2𝑡2 + 2 

∴   Given integral 

= ∫(𝑡4 − 2𝑡2 + 2)𝑡. 2𝑡 𝑑𝑡 

= 2∫(𝑡6 − 2𝑡4 + 2𝑡2)𝑑𝑡 

= 2 [
𝑡7

7
− 2

𝑡5

5
+ 2

𝑡3

3
] + 𝑐 

= 2 [
(𝑥 + 1)

7

2

7
− 2

(𝑥 + 1)
5

2

5
+ 2

(𝑥 + 1)
3

2

3
] + 𝑐 

9 (c) 

∫
𝑓′(𝑥)

𝑓(𝑥) log[𝑓(𝑥)]
𝑑𝑥 = log[log 𝑓(𝑥)] + 𝑐 

10 (d) 

We have, 0 < 𝑥 < 1 

∴
1

2
𝑥2 < 𝑥2 < 𝑥 

⇒ −𝑥2 > −𝑥 

⇒ 𝑒−𝑥
2
> 𝑒−𝑥 

⇒ 𝑒−𝑥
2
cos2 𝑥 > 𝑒−𝑥 cos2 𝑥 

⇒ ∫𝑒−𝑥
2

1

0

cos2 𝑥 𝑑𝑥 > ∫𝑒−𝑥
1

0

cos2 𝑥  𝑑𝑥 

⇒ 𝐼2 > 𝐼1…(i) 

Also, cos2 𝑥 ≤ 1 

⇒ 𝑒−𝑥
2
cos2 𝑥 < 𝑒−𝑥

2
< 𝑒−(1/2)𝑥

2
[∵ −

1

2
𝑥2 > −𝑥2 > −𝑥] 

⇒ ∫𝑒−𝑥
2

1

0

cos2 𝑥 𝑑𝑥 < ∫𝑒−𝑥
2

1

0

𝑑𝑥 < ∫𝑒−(1/2)𝑥
2

1

0

𝑑𝑥 

⇒ 𝐼2 < 𝐼3 < 𝐼4…(ii) 

From (i) and (ii), we get 𝐼1 < 𝐼2 < 𝐼3 < 𝐼4 

Hence, 𝐼4 is the greatest integral 

11 (c) 

We have, 
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𝐼 = ∫
1

(1 + 𝑥2)√1 − 𝑥2
𝑑𝑥 

⇒ 𝐼 = ∫
−𝑡 𝑑𝑡

(𝑡2+1)√𝑡2−1
, where 𝑥 =

1

𝑡
, 𝑑𝑥 = −

1

𝑡2
𝑑𝑡 

⇒ 𝐼 = ∫
−𝑢 𝑑𝑢

(𝑢2+2)√𝑢2
, where 𝑡2 − 1 = 𝑢2 

⇒ 𝐼 = −∫
1

𝑢2 + (√2)
2 𝑑𝑢 = −

1

√2
tan−1 (

𝑢

√2
) + 𝐾 

⇒ 𝐼 = −
1

√2
tan−1 (

√1 − 𝑥2

√2 𝑥
) + 𝐾 

⇒ 𝐼 = −
1

√2
{
𝜋

2
− cot−1 (

√1 − 𝑥2

√2 𝑥
)} + 𝐾 [∵ tan−1 𝑥 + cot−1 𝑥 = 𝜋/2] 

⇒ 𝐼 = −
1

√2
(
√1 − 𝑥2

√2 𝑥
) + (𝐾 −

𝜋

2√2
) 

⇒ 𝐼 = −
1

√2
(
√2 𝑥

√1 − 𝑥2
) + 𝐶,where 𝐶 = 𝐾 −

𝜋

2√2
 

12 (c) 

𝐼 = ∫
√𝑥

√𝑎 − 𝑥 + √𝑥
𝑑𝑥

(𝑎𝑛−1)/𝑛

1/𝑛

 

= ∫
√𝑥

√𝑎−𝑥+√𝑥
𝑑𝑥

𝑎−(1/𝑛)

1/𝑛
…(i) 

= ∫
√
1

𝑛
+ 𝑎 −

1

𝑛
− 𝑥𝑑𝑥

√𝑎 − (
1

𝑛
+ 𝑎 −

1

𝑛
− 𝑥) + √(

1

𝑛
+ 𝑎 −

1

𝑛
− 𝑥)

𝑎−(1/𝑛)

1/𝑛

 

⇒ 𝐼 = ∫
√𝑎−𝑥

√𝑥+√𝑎−𝑥

𝑎−
1

𝑛
1

𝑛

𝑑𝑥…(ii) 

On adding Eqs.(i) and (ii), we get 

2𝐼 = ∫ 1 𝑑𝑥 = [𝑥]1
𝑛

𝑎−
1

𝑛

𝑎−(1/𝑛)

1/𝑛

 

⇒ 2𝐼 = 𝑎 −
1

𝑛
−
1

𝑛
=
𝑛𝑎 − 2

𝑛
 

⇒ 𝐼 =
𝑛𝑎 − 2

2𝑛
 

13 (b) 

Let 𝐼 = ∫ 𝑒𝑥(𝑥5 + 5𝑥4 + 1)𝑑𝑥 

= ∫𝑒𝑥𝑥5𝑑𝑥 + 5∫𝑒𝑥 𝑥4𝑑𝑥 + ∫𝑒𝑥 𝑑𝑥 

= 𝑥5𝑒𝑥 −∫5𝑥4𝑒𝑥𝑑𝑥 + 5∫𝑒𝑥𝑥4𝑑𝑥 + 𝑒𝑥 

= 𝑥5𝑒𝑥 + 𝑒𝑥 + 𝑐 

14 (a) 

cos 𝑥 log (
1+𝑥

1−𝑥
)is an odd function 
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∴  ∫ cos 𝑥log (
1 + 𝑥

1 − 𝑥
)𝑑𝑥 = 0

1/2

−1/2

 

∴  𝑘 = 0 

15 (b) 

 Let    𝐼 = ∫ sin√3  𝑑𝑥 

Put   √𝑥 = 𝑡 ⇒  
1

2√𝑥
𝑑𝑥 = 𝑑𝑡 

∴   𝐼 = ∫2𝑡 sin 𝑡 𝑑𝑡 

= 2[−𝑡 cos 𝑡 + ∫cos 𝑡 𝑑𝑡] 

= 2[−𝑡 cos 𝑡 + sin 𝑡] + 𝑐 

= 2[−√𝑥 cos √𝑥 + sin√𝑥] + 𝑐 

16 (d) 

𝑓′(𝑥) = (𝑥2 − 1)(2𝑥) − (𝑥 − 1) = (𝑥 − 1)(2𝑥2 + 2𝑥 − 1) 

Which is positive for 𝑥 > 1. Hence, 𝑓 increases in [1, 2] 

Hence, global maximum of 𝑓 is 𝑓(2) = 4 

17 (b) 

lim
𝑛→∞

1

𝑛
∑

(
𝑟

𝑛
)

√1 + (
𝑟

𝑛
)
2
=
1

2
∫

2𝑥

√1 + 𝑥2
𝑑𝑥

1

0

𝑛

𝑟=1

 

=
1

2
[
√1 + 𝑥2

1/2
]
0

1

= √2 − 1 

18 (d) 

We have, 

𝐼 = ∫ cos99 𝑥 𝑑𝑥

2𝜋

0

, 

⇒ 𝐼 = 2∫ cos99 𝑥

𝜋

0

𝑑𝑥      [∵ cos99(2𝜋 − 𝑥) = cos99 𝑥] 

But, ∫ cos99 𝑥
𝜋

0
𝑑𝑥 = 0      [∵ cos99(𝜋 − 𝑥) = −cos99 𝑥] 

∴ 𝐼 = 2 × 0 = 0 

19 (b) 

Let 𝐼 = ∫ (𝑎𝑥3 + 𝑏𝑥 + 𝑐)𝑑𝑥
2

−2
 

In the given integral, 𝑎𝑥3and 𝑏𝑥 are odd functions. Hence, it depends only on the value of 𝑐. 

20 (b) 

Let  𝐼 = ∫ 𝑥 𝑓(sin 𝑥)𝑑𝑥
𝜋

0
 

⇒ 𝐼 = ∫ (𝜋 − 𝑥)𝑓{sin(𝜋 − 𝑥)}𝑑𝑥
𝜋

0
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= 𝜋∫ 𝑓(sin 𝑥)𝑑𝑥 − 𝑥∫ 𝑓(sin 𝑥)𝑑𝑥
𝜋

0

𝜋

0

 

⇒ 𝐼 = 𝜋∫ 𝑓(sin 𝑥)𝑑𝑥 − 𝐼
𝜋

0

 

⇒ 2𝐼 = 2𝜋∫ 𝑓(sin 𝑥)𝑑𝑥
𝜋/2

0

 

⇒ 𝐼 = 𝜋∫ 𝑓(sin 𝑥)𝑑𝑥
𝜋/2

0
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1 (a) 

Let  𝐼 = ∫
log(𝑥+1)−log𝑥

𝑥(𝑥+1)
𝑑𝑥 = ∫

log(1+
1

𝑥
)

𝑥(𝑥+1)
𝑑𝑥 

= ∫
log (1 +

1

𝑥
)

𝑥2 (1 +
1

𝑥
)
𝑑𝑥 

Put  1 +
1

𝑥
= 𝑡   ⇒   −

1

𝑥2
 𝑑𝑥 = 𝑑𝑡 

∴  𝐼 = −∫
log 𝑡

𝑡
𝑑𝑡 = −

1

2
(log 𝑡)2 + 𝑐 

= −
1

2
[log (1 +

1

𝑥
)]
2

+ 𝑐 

= −
1

2
[log(𝑥 + 1) − log 𝑥]2 + 𝑐 

= −
1

2
{log(𝑥 + 1)}2 −

1

2
(log 𝑥)2 + log(𝑥 + 1) . log 𝑥 + 𝑐 

2 (c) 

Let 𝐼 = ∫ 𝑥 |𝑥 −
1

2
| 𝑑𝑥

1

0
 

= −∫ 𝑥 (𝑥 −
1

2
)𝑑𝑥 +∫ 𝑥 (𝑥 −

1

2
)𝑑𝑥

1

1/2

1/2

0

 

= [
𝑥2

4
−
𝑥3

3
]
0

1/2

+ [
𝑥3

3
−
𝑥2

4
]
1/2

1

 

= (
1

16
−
1

24
) + (

1

3
−
1

4
−
1

24
+
1

16
) =

1

8
 

3 (a) 

Let 

𝐼 = ∫
𝑎𝑥/2

√𝑎−𝑥 − 𝑎𝑥
𝑑𝑥 = ∫

𝑎𝑥

√1 − (𝑎𝑥)2
𝑑𝑥 

⇒ 𝐼 =
1

log 𝑎
∫

1

√12 − (𝑎𝑥)2
𝑑(𝑎𝑥) =

1

log 𝑎
sin−1(𝑎𝑥) + 𝐶 

4 (c) 

Let 𝐼 = ∫
𝑒𝑢

𝑒𝑢(𝑒𝑢−1)1/2
𝑑𝑢

𝑥

log2
 

Topic :-INTEGRALS 

SOLUTIONS 
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Put 𝑒𝑢 − 1 = 𝑡2 ⇒ 𝑒𝑢𝑑𝑢 = 2𝑡 𝑑𝑡 

∴ 𝐼 = ∫
2𝑡

(𝑡2 + 1)𝑡
𝑑𝑡

√𝑒𝑥−1

1

 

= 2∫
𝑑𝑡

(1 + 𝑡2)

√𝑒𝑥−1

1

 

= 2[tan−1t ]1
√𝑒𝑥−1 

= 2 [tan−1 √𝑒𝑥 − 1 −
𝜋

4
] =

𝜋

6
   [given] 

⇒ tan−1 √𝑒𝑥 − 1 =
𝜋

12
+
𝜋

4
=
𝜋

3
 

⇒ √𝑒𝑥 − 1 = tan (
𝜋

3
) = √3 

⇒  𝑒𝑥 = 3 + 1 = 4 

5 (c) 

We have, 

𝐼 = ∫{𝑓(𝑥)𝑔′′(𝑥) − 𝑓′′(𝑥)𝑔(𝑥)}𝑑𝑥 

⇒ 𝐼 = ∫𝑓(𝑥)𝑔′′(𝑥)𝑑𝑥 − ∫𝑓′′(𝑥)𝑔(𝑥)𝑑𝑥 

⇒ 𝐼 = {𝑓(𝑥)𝑔′(𝑥) − ∫𝑓′(𝑥)𝑔′(𝑥)𝑑𝑥} − {𝑔(𝑥)𝑓′(𝑥) − ∫𝑔′(𝑥)𝑓′(𝑥)𝑑𝑥} 

⇒ 𝐼 = 𝑓(𝑥)𝑔′(𝑥) − 𝑓′(𝑥)𝑔(𝑥) 

6 (d) 

Let 𝐼 = ∫ 𝑥3 sin4 𝑥 𝑑𝑥
𝜋/4

−𝜋/4
 

Since, 𝑥3 sin4 𝑥 is an odd function. 

∴ 𝐼 = 0 

7 (a) 

Let 𝐼 = ∫ sin8 𝑥
𝜋 2⁄

0
 𝑑𝑥 =

7.5.3.1

8.6.4.2
.
𝜋

2
    [by Walli’s formula] 

=
105𝜋

32(4.3.2.1)
 

=
105𝜋

32.4!
 

8 (b) 

We have, 

𝐼 = ∫
|𝑥|

8 cos2 2𝑥 + 1

𝜋/2

−𝜋/2

𝑑𝑥 

= 2∫
𝑥

8 cos2 2𝑥 + 1

𝜋/2

0

𝑑𝑥 
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= 2𝐼1, where𝐼1 = ∫
𝑥

8 cos2 2𝑥 + 1

𝜋/2

0

𝑑𝑥 

Now, 

𝐼1 = ∫
𝑥

8cos2 2𝑥+1

𝜋/2

0
𝑑𝑥…(i) 

⇒ 𝐼1 = ∫

𝜋

2
− 𝑥

8 cos2(𝜋 − 2𝑥) + 1

𝜋/2

0

𝑑𝑥 

⇒ 𝐼1 = ∫
𝜋

2
−𝑥

8cos2 2𝑥+1

𝜋/2

0
𝑑𝑥…(ii) 

Adding (i) and (ii), we get 

2𝐼1 =
𝜋

2
∫

𝑥

8 cos2 2𝑥 + 1

𝜋/2

0

𝑑𝑥 

⇒ 𝐼1 =
𝜋

4
∫

sec2 2𝑥

9 + tan2 2𝑥

𝜋/2

0

𝑑𝑥 = 2 ×
𝜋

4
∫

sec2 2𝑥

9 + tan2 2𝑥

𝜋/2

0

𝑑𝑥 

⇒ 𝐼1 =
𝜋

4
∫

2 sec2 2𝑥

9 + tan2 2𝑥

𝜋/4

0

𝑑𝑥 

⇒ 𝐼1 =
𝜋

4
∫

1

32 + tan2 2𝑥

𝜋/4

0

𝑑(tan 2𝑥) 

⇒ 𝐼1 =
𝜋

4
×
1

3
[tan−1 (

tan 2𝑥

3
)]
0

𝜋/4

=
𝜋

12
×
𝜋

2
=
𝜋2

24
 

Hence, 𝐼 = 2𝐼1 =
𝜋2

12
 

9 (b) 

∵ 𝑓(𝑥) cos 𝑥 =
1

2
∙ 2𝑓(𝑥)𝑓′(𝑥) 

Then, 𝑓′(𝑥) = cos 𝑥 

∴ 𝑓(𝑥) = sin𝑥 + 𝑐 

10 (d) 

On putting 𝑦2 = 𝑓(𝑥) =
𝑥+2

2𝑥+3
, we have 

𝑥 =
3𝑦2−2

1−2𝑦2
and𝑑𝑥 = −

2𝑦

(1−2𝑦2)2
𝑑𝑦 

∴  ∫(𝑓(𝑥))
1/2 𝑑𝑥

𝑥
= −∫𝑦

2𝑦

(1 − 2𝑦2)2
∙
1 − 2𝑦2

3𝑦2 − 2
𝑑𝑦 

= 2∫
𝑦2

(2𝑦2 − 1)(3𝑦2 − 2)
𝑑𝑦 

= −2∫ [
1

2𝑦2 − 1
−

2

3𝑦2 − 2
]𝑑𝑦 
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=
1

√2
log |

1 + √2𝑦

1 −√2𝑦
| − √

2

3
log |

√3𝑦 + √2

√3𝑦 − √2
| + 𝑐 

Thus, g(𝑥) = log |𝑥| and ℎ(𝑥) = log |𝑥| 

11 (c) 

Let 55
5𝑥

= 𝑡 ∙∙ Then, 55
5𝑥

55
𝑥
5𝑥(log5)3𝑑𝑥 = 𝑑𝑡, 

∴ 𝐼 = ∫55
5𝑥

∙ 55
𝑥
∙ 5𝑥  𝑑𝑥 =

1

(log 5)3
∫1 ∙ 𝑑𝑡 =

55
5𝑥

(log 5)3
+ 𝐶 

12 (a) 

𝑓(𝑡) = ∫
𝑒−[𝑥]

2
𝑑𝑥 = 2∫

𝑒−𝑥

2
𝑑𝑥

𝑡

0

𝑡

−𝑡

 

= −[𝑒−𝑥 ]0
𝑡 = −𝑒−𝑡 + 1 

Now, lim
𝑡→∞

𝑓(𝑡) = − lim
𝑡→∞

𝑒−𝑡 + 1 = 1 

13 (b) 

We have, 

𝐼 = ∫
cos 2𝑥

(sin 𝑥 + cos 𝑥)2
𝑑𝑥 = ∫

cos 𝑥 − sin 𝑥

(sin𝑥 + cos 𝑥)2
𝑑𝑥 

⇒ 𝐼 = log(sin𝑥 + cos 𝑥) + 𝐶 

14 (c) 

The primitive of the given function is 

∫
𝑑𝑥

√sin3 𝑥 sin(𝑥 + θ)
= ∫

𝑑𝑥

√sin3 𝑥(sin𝑥 cos θ + cos 𝑥 sin θ)
 

= ∫
cosec2𝑥 𝑑𝑥

√cos θ + cot 𝑥 sinθ
 

Put cot 𝑥 = 𝑡 ⇒ −cosec2 𝑥 𝑑𝑥 = 𝑑𝑡 

= −
1

√sinθ
∫

𝑑𝑡

√cot θ + 1
 

= −
2

√sinθ
(cot θ + 𝑡)1/2 + 𝑐 

= −
2

sinθ
(cos θ + 𝑡 sin θ)1/2 + 𝑐 

=
−2cosec θ(sin 𝑥 cos θ + sin θ cos 𝑥)1/2

√sin𝑥
+ 𝑐 

= −2 cosec θ (
sin(θ + 𝑥)

sin𝑥
)
1/2

+ 𝑐 

15 (b) 

We have, 

𝐼 = ∫
𝑥4 − 1

𝑥2√𝑥4 + 𝑥2 + 1
𝑑𝑥 = ∫

(𝑥2 − 1)(𝑥2 + 1)

𝑥2√𝑥4 + 𝑥2 + 1
𝑑𝑥 
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⇒ 𝐼 = ∫
(𝑥 +

1

𝑥
) (𝑥 −

1

𝑥2
)

√𝑥2 +
1

𝑥2
+ 1

𝑑𝑥 = ∫
(𝑥 +

1

𝑥
)

√(𝑥 +
1

𝑥
)
2
− 12

𝑑 (𝑥 +
1

𝑥
) 

⇒ 𝐼 =
1

2
∫

2 (𝑥 +
1

𝑥
)

√(𝑥 +
1

𝑥
)
2
− 12

𝑑 (𝑥 +
1

𝑥
) 

⇒ 𝐼 =
1

2
∫

1

√(𝑥 +
1

𝑥
)
2
− 12

𝑑 {(𝑥 +
1

𝑥
)
2

− 12} 

⇒ 𝐼 = √(𝑥 +
1

𝑥
)
2

− 12 + 𝐶 = √𝑥2 +
1

𝑥2
+ 1 + 𝐶 

⇒ 𝐼 = √
𝑥4 + 𝑥2 + 1

𝑥
+ 𝐶 

16 (b) 

∫32𝑥3(log 𝑥)2  𝑑𝑥 

= 32{(log𝑥)2
𝑥4

4
− ∫2 log 𝑥 ∙

1

𝑥
∙
𝑥4

4
𝑑𝑥} 

= 8𝑥4(log 𝑥)2 − 16∫𝑥3 log 𝑥 𝑑𝑥 

= 8𝑥4(log 𝑥)2 − 16 {log 𝑥 ∙
𝑥4

4
− ∫

1

𝑥
∙
𝑥4

4
𝑑𝑥 }  

= 8𝑥4(log 𝑥)2 − 4𝑥4 log 𝑥 + 4∫𝑥3𝑑𝑥 

= 8𝑥4(log 𝑥)2 − 4𝑥4 + log 𝑥 + 𝑥4 + 𝑐 

= 𝑥4[ 8(log𝑥)2 − 4 log 𝑥 + 1 ] + 𝑐 

17 (a) 

Let 𝐼 = ∫
𝑒𝑥(1+sin𝑥)

1+cos𝑥
𝑑𝑥 

= ∫
1

2
𝑒𝑥 sec2

𝑥

2
𝑑𝑥 +∫𝑒𝑥 tan

𝑥

2
𝑑𝑥 

=
1

2
[2𝑒𝑥 tan

𝑥

2
− ∫2𝑒𝑥 tan

𝑥

2
𝑑𝑥] + ∫𝑒𝑥 tan

𝑥

2
𝑑𝑥 

= 𝑒𝑥 tan
𝑥

2
+ 𝑐 

18 (a) 

We have, 

𝐼 = ∫ log(√1 − 𝑥 + √1 + 𝑥) ∙ 1 𝑑𝑥 

                         I                              II 

⇒ 𝐼 = 𝑥 log(√1 − 𝑥 + √1 + 𝑥) − ∫
1

2

1

√1 − 𝑥2
(
√1 − 𝑥2

𝑥
−
1

𝑥
) ∙ 𝑥 𝑑𝑥 
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⇒ 𝐼 = 𝑥 log(√1 − 𝑥 + √1 + 𝑥) −
1

2
∫(1 −

1

√1 − 𝑥2
)𝑑𝑥 

⇒ 𝐼 = 𝑥 log(√1 − 𝑥 + √1 + 𝑥) −
𝑥

2
+
1

2
sin−1 𝑥 + 𝑐 

Hence, 𝑓(𝑥) = log(√1 − 𝑥 + √1 + 𝑥) , 𝐴 = −
1

2
 and 𝐵 =

1

2
 

19 (a) 

Let 𝐼 = ∫ log(1 + tan 𝑥)𝑑𝑥 … . (i)
𝜋/4

0
 

⇒  𝐼 = ∫ log [1 + tan (
𝜋

4
− 𝑥)] 𝑑𝑥

𝜋/4

0

 

= ∫ log [1 +
1 − tan 𝑥

1 + tan 𝑥
] 𝑑𝑥

𝜋/4

0

 

= ∫ log 2𝑑𝑥 − ∫ log(1 + tan 𝑥)𝑑𝑥
𝜋/4

0

𝜋/4

0

 

⇒  𝐼 = log 2[𝑥]0
𝜋/4

− 𝐼 

⇒  2𝐼 =
𝜋

4
log𝑒 2 ⇒  𝐼 =

𝜋

8
log𝑒 2 

20 (a) 

𝑓(𝑥) = |𝑥| sin3 𝑥is an odd function 

∴  ∫ |𝑥| sin3 𝑥 𝑑𝑥 = 0
2

−2
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1 (c) 

Since, 𝑒𝑥−[𝑥]is a periodic function with period 1. 

∴ ∫ 𝑒𝑥−[𝑥]𝑑𝑥 = 1000∫ 𝑒𝑥𝑑𝑥 = 1000[𝑒𝑥]0
1

1

0

1000

0

 

= 1000(𝑒 − 1) 

2 (b) 

Put  tan−1 𝑥 = 𝑡 ⇒  
1

(1+𝑥2)
𝑑𝑥 = 𝑑𝑡 

∴  ∫
(tan−1 𝑥)3

(1 + 𝑥2)
𝑑𝑥 = ∫𝑡3 𝑑𝑡 =

𝑡4

4
+ 𝑐 =

(tan−1 𝑥)4

4
+ 𝑐 

3 (c) 

Let 𝐼 = ∫ sin3 θ𝑑θ
𝜋

0
 

[
∵ sinθ > 0
for 0 < θ < 𝜋

] 

= ∫ sin θ(1 − cos2 θ)𝑑θ
𝜋

0

 

Putcos θ = 𝑡 ⇒  − sin θ𝑑θ = 𝑑𝑡 

∴ 𝐼 = ∫ (1 − 𝑡2)𝑑𝑡 = [𝑡 −
𝑡3

3
]
−1

11

−1

 

= 2 −
2

3
 

=
4

3
 

4 (a) 

We have, 𝑑[𝑓(𝑥)] = 𝑒tan𝑥 sec2 𝑥 𝑑𝑥 

On integrating w. r. t𝑥, we get 

𝑓(𝑥) = 𝑒tan𝑥 + 𝑐 

5 (c) 

We have, 

𝐼 = ∫{𝑓(𝑔(𝑥))}
−1

2

1

𝑓′(𝑔(𝑥))𝑔′(𝑥)𝑑𝑥 
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⇒ 𝐼 = ∫
1

𝑓𝑜𝑔(𝑥)

2

1

𝑓′(𝑔(𝑥))𝑔′(𝑥)𝑑𝑥 

⇒ 𝐼 = ∫
1

𝑓𝑜𝑔(𝑥)

2

1

𝑑(𝑓𝑜𝑔(𝑥)) = [log(𝑓𝑜𝑔 (𝑥))]
1

2
 

⇒ 𝐼 = log{𝑓(𝑔(2))} − log{𝑓(𝑔(1))} = 0  [∵ 𝑔(1) = 𝑔(2)] 

6 (d) 

Given,  𝑓′(𝑥) ≥ 2 

On integrating both sides w. r. t. 𝑥, we get  

𝑓(𝑥) ≥ 2𝑥 + 𝑐 

𝑓(1) ≥ 2 × 1 + 𝑐 

⇒ 𝑐 ≤ 4 − 2 ⇒ 𝑐 ≤ 2 

⇒ 𝑓(𝑥) ≥ 2𝑥 + 2 

∴  𝑓(4) ≥ 2 × 4 + 2 = 10 

7 (c) 

Let 𝐼 = ∫
𝑓′(𝑥)

𝑓(𝑥) log𝑓(𝑥)
𝑑𝑥 

Put  log 𝑓(𝑥) = 𝑡 ⇒   
𝑓′(𝑥)

𝑓(𝑥)
𝑑𝑥 = 𝑑𝑡 

∴  𝐼 = ∫
1

𝑡
 𝑑𝑡 = log 𝑡 + 𝑐 

= log log 𝑓(𝑥) + 𝑐 

8 (a) 

Let   𝐼 =
2

3
∫

√cosθ

(√sinθ+√cosθ)
𝑑θ

𝜋/2

0
...(i) 

And  𝐼 =
2

3
∫

√cos(𝜋/2−θ)

√sin (𝜋/2−θ)+√cos(𝜋/2−θ)
𝑑θ

𝜋/2

0
 

⇒ 𝐼 =
2

3
∫

√sinθ

√sinθ+√cosθ
𝑑θ

𝜋/2

0
…(ii) 

On addingEqs.(i) and (ii), we get 

2𝐼 =
2

3
𝑓0
𝜋/2
1𝑑θ =

2

3
[θ]0

𝜋/2
⇒ 𝐼 =

1

3
.
𝜋

2
=
𝜋

6
 

9 (a) 

lim
𝑛→∞

[
𝑛

𝑛2 + 12
+

𝑛

𝑛2 + 22
+. . . +

𝑛

𝑛2 + 𝑛2
] 

= lim
𝑛→∞

∑
𝑛

𝑛2 + 𝑟2

𝑛

𝑟=1

 

= lim
𝑛→∞

1

𝑛
∑

1

1 + (
𝑟

𝑛
)
2

𝑛

𝑟=1

 

= ∫
𝑑𝑥

1 + 𝑥2
= [tan−1 𝑥 ]0

1 =
𝜋

4

1

0
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10 (d) 

Integrand is an odd function. So, the value of the integral is zero 

11 (a) 

Let 𝐼 = ∫
sin𝑥

cos𝑥(1+cos𝑥)
𝑑𝑥 

Put  cos 𝑥 = 𝑡 ⇒  − sin 𝑥 𝑑𝑥 = 𝑑𝑡 

∴  𝐼 = ∫
−𝑑𝑡

𝑡(1 + 𝑡)
= −∫[

1

𝑡
−

1

(1 + 𝑡)
] 𝑑𝑡 

= log (
𝑡+1

𝑡
) + 𝑐 = 𝑓(𝑥) + 𝑐   [given] 

∴  𝑓(𝑥) = log (
𝑡 + 1

𝑡
) = log (

1 + cos 𝑥

cos 𝑥
) 

12 (a) 

Since 𝑓(𝑥) satisfies conditions of Rolle’s theorem on [1, 2]. Therefore, 𝑓(1) = 𝑓(2) 

Hence, ∫ 𝑓′(𝑥)
2

1
𝑑𝑥 = 𝑓(2) − 𝑓(1) = 0 

13 (a) 

∫𝑒2𝑥(2 sin 3𝑥 + 3 cos 3𝑥)𝑑𝑥 

= 2∫𝑒2𝑥 sin 3𝑥 + 𝑑𝑥 + 3∫𝑒2𝑥 cos3𝑥 𝑑𝑥 

= 𝑒2𝑥 sin3𝑥 − 3∫𝑒2𝑥 cos 3𝑥 𝑑𝑥 + 3∫𝑒2𝑥 cos 3𝑥 𝑑𝑥 

= 𝑒2𝑥 sin3𝑥 + 𝑐 

14 (d) 

∫ |[𝑥]|𝑑𝑥
2

−2

 

= ∫ |[𝑥]|𝑑𝑥
−1

−2

+∫ |[𝑥]|𝑑𝑥
0

−1

+∫ |[𝑥]|𝑑𝑥
1

0

+∫ |[𝑥]|𝑑𝑥
2

1

 

= ∫ 2 𝑑𝑥 +
−1

−2

∫ 1 𝑑𝑥 +
0

−1

∫ 0 𝑑𝑥 +
1

0

∫ 1 𝑑𝑥
2

1

 

= 2[𝑥]−2
−1 + [𝑥]−1

0 + 0 + [𝑥]1
2 

= 2(−1 + 2) + (0 + 1) + (2 − 1) = 2 + 1 + 1 = 4 

15 (c) 

We have, 

∫ cos𝑛 𝑥 sin𝑛 𝑥  𝑑𝑥 =

𝜋/2

0

𝜆 ∫ sin𝑛 𝑥

𝜋/2

0

 𝑑𝑥 

⇒ ∫ (sin 2𝑥)𝑛 𝑑𝑥 =

𝜋/2

0

2𝑛𝜆 ∫ sin𝑛 𝑥

𝜋/2

0

 𝑑𝑥 

⇒ ∫(sin 𝑡)𝑛𝑑𝑡 = 2𝑛+1
𝜋

0

𝜆 ∫ sin𝑛 𝑥

𝜋/2

0

 𝑑𝑥 
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⇒ 2∫ sin𝑛 𝑡 𝑑𝑡 = 2𝑛+1

𝜋/2

0

𝜆 ∫ sin𝑛 𝑥

𝜋/2

0

 𝑑𝑥 

[∵ ∫ 𝑓(𝑥)

2𝑎

0

𝑑𝑥 = 2∫𝑓(𝑥)

𝑎

0

𝑑𝑥 if 𝑓(2𝑎 − 𝑥) = 𝑓(𝑥)] 

⇒ 2 = 2𝑛+1𝜆 ⇒ 𝜆 =
1

2𝑛
 

16 (a) 

Clearly, 
𝑡2 sin2𝑡

𝑡2+1
 is an odd function 

∴ ∫
𝑡2 sin2𝑡

𝑡2 + 1

3

−3

𝑑𝑡 = 0 

Also, 

∫
1

𝑡2 + 2𝑡 cos𝛼 + 1

1

0

𝑑𝑡 =
1

sin 𝛼
[tan−1 (

𝑡 + cos𝛼

sin𝛼
)]
0

1

=
𝛼

2 sin𝛼
 

Thus the given equation reduces to 

𝑥2
𝛼

2 sin𝛼
− 2 = 0 ⇒ 𝑥 = ±2√

sin𝛼

𝛼
 

17 (a) 

Let 𝐼 = ∫
𝑑𝑥

1+√tan𝑥

𝜋/3

𝜋/3
 

∫ (
√cos 𝑥

√sin 𝑥 + √cos 𝑥
) 𝑑𝑥  . . . (i)

𝜋/3

𝜋/6

 

⇒ 𝐼 = ∫
√sin𝑥

√cos𝑥+√sin𝑥

𝜋/3

𝜋/6
...(ii) 

(∵ ∫ 𝑓(𝑥)𝑑𝑥 = ∫ 𝑓(𝑎 + 𝑏 − 𝑥)𝑑𝑥
𝑏

𝑎

𝑏

𝑎

) 

On addingEqs. (i) and (ii), we get 

2𝐼 = ∫ 1 𝑑𝑥 = [𝑥]𝜋/6
𝜋/3

=
𝜋

6

𝜋/3

𝜋/6

 

⇒  𝐼 =
𝜋

12
 

18 (d) 

∫ [𝑥2]𝑑𝑥
2

0

 

= ∫ [𝑥2]𝑑𝑥 + ∫ [𝑥2]𝑑𝑥 = ∫ [𝑥2]𝑑𝑥 + ∫ [𝑥2]𝑑𝑥
2

√3

√3

√2

√2

1

1

0

 

= ∫ 0 𝑑𝑥 + ∫ 1𝑑𝑥 + ∫ 2 𝑑𝑥 + ∫ 3𝑑𝑥
2

√3

√3

√2

√2

1

1

0
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= [𝑥]1
√2 + [2𝑥]

√2
√3 + [3𝑥]

√3
2  

= 5 − √3 − √2 

19 (a) 

Given, ∫𝑓(𝑥) sin 𝑥 cos𝑥 𝑑𝑥 =
1

2(𝑏2−𝑎2)
log{𝑓(𝑥)} + 𝑐 

On differentiating both sides, we get 

𝑓(𝑥) sin𝑥 cos 𝑥 =
1

2(𝑏2 − 𝑎2)
.
1

𝑓(𝑥)
𝑓′(𝑥) 

⇒   2(𝑏2 − 𝑎2) sin 𝑥 cos 𝑥 =
𝑓′(𝑥)

[𝑓(𝑥)]2
 

⇒  ∫(2𝑏2 sin 𝑥 cos 𝑥 − 2𝑎2 sin 𝑥 cos 𝑥)𝑑𝑥 = ∫
𝑓′(𝑥)

[𝑓(𝑥)]2
𝑑𝑥 

𝐼1 − 𝐼2 = ∫
𝑓′(𝑥)

[𝑓(𝑥)]2
…(i) 

Where  𝐼1 = ∫2𝑏
2 sin 𝑥 cos 𝑥 𝑑𝑥and𝐼2 = ∫2𝑎

2 sin 𝑥 cos 𝑥 𝑑𝑥 

Now,    𝐼1 = 2𝑏
2 sin 𝑥 cos 𝑥 𝑑𝑥 

Put    cos 𝑥 = 𝑡  ⇒   − sin 𝑥 𝑑𝑥 = 𝑑𝑡 

∴   𝐼1 = −∫2𝑏
2𝑡𝑑𝑡 = −𝑏2𝑡2 = −𝑏2 cos2 𝑥 

and𝐼2 = ∫2𝑎
2 sin 𝑥 cos 𝑥 𝑑𝑥 

Put    sin 𝑥 = 𝑡  ⇒  cos 𝑥 𝑑𝑥 = 𝑡 

∴  𝐼2 = ∫2𝑎
2 𝑡𝑑𝑡 = 𝑎2𝑡2 = 𝑎2 sin2 𝑥 

∴ From Eq. (i), 

−𝑏2 cos2 𝑥 − 𝑎2 sin2 𝑥 = −
1

𝑓(𝑥)
 

⇒   𝑓(𝑥) =
1

𝑎2 sin2 𝑥 + 𝑏2 cos2 𝑥
 

20 (c) 

Let 𝐼 = ∫ 𝑥𝑓(𝑥)𝑑𝑥
𝑎

0
…(i) 

⇒ 𝐼 = ∫ (𝑎 − 𝑥)𝑓(𝑎 − 𝑥)𝑑𝑥
𝑎

0

 

𝐼 = ∫ (𝑎 − 𝑥)𝑓(𝑥)𝑑𝑥
𝑎

0

 

[∵ 𝑓(𝑥) = 𝑓(𝑎 − 𝑥)given] 

⇒ 𝐼 = 𝑎∫ 𝑓(𝑥)𝑑𝑥 − ∫ 𝑥𝑓(𝑥)𝑑𝑥 … (ii)
𝑎

0

𝑎

0

 

On addingEqs.(i) and (ii), we get 

2𝐼 = 𝑎∫ 𝑓(𝑥)𝑑𝑥
𝑎

0

 

⇒ 𝐼 =
𝑎

2
∫ 𝑓(𝑥)𝑑𝑥
𝑎

0
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1 (a) 

We have, 

𝐼 = ∫ | log 𝑥 |

𝑒

1/𝑒

𝑑𝑥 

⇒ 𝐼 = ∫− log 𝑥

𝑒

1/𝑒

𝑑𝑥 + ∫ log 𝑥

𝑒

1

𝑑𝑥 

⇒ 𝐼 = [𝑥 − 𝑥 log 𝑥]1/𝑒
1 + [𝑥 log 𝑥 − 𝑥]1

𝑒 = 2(
𝑒 − 1

𝑒
) 

2 (d) 

Let 𝐼 = ∫ cos3 4𝜃𝑑𝜃
𝜋 8⁄

0
 

= ∫ (
3 cos 4𝜃 + cos 12𝜃

4
)

𝜋 8⁄

0

𝑑𝜃 

=
1

4
[
3 sin 4𝜃

4
+
sin 12𝜃

12
]
0

𝜋 8⁄

 

=
1

4
[
3

4
(sin

𝜋

2
− 0) +

1

12
(sin

3𝜋

2
− 0)] 

=
1

4
[
3

4
+
1

12
(−1)] =

1

4
(
8

12
) =

1

6
 

3 (c) 

𝐼 = ∫
cos h 𝑥

1 + 𝑒2𝑥
 𝑑𝑥

1

−1

= ∫
𝑒𝑥 + 𝑒−𝑥

2(1 + 𝑒2𝑥)
 𝑑𝑥

1

−1

[∵ cosh 𝑥 =
𝑒𝑥 + 𝑒−𝑥

2
] 

=
1

2
∫

1 + 𝑒2𝑥

(1 + 𝑒2𝑥)𝑒𝑥
 𝑑𝑥

1

−1

=
1

2
∫ 𝑒−𝑥 𝑑𝑥
1

−1

 

= −
1

2
[𝑒−𝑥]−1

1 = −
1

2
(𝑒−1 − 𝑒1) =

𝑒2 − 1

2𝑒
 

4 (c) 

We have, 

𝑢10 = ∫ 𝑥10

𝜋/2

0

sin 𝑥  𝑑𝑥 
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⇒ 𝑢10 = [−𝑥
10 cos 𝑥]0

𝜋/2
+ 10∫ 𝑥9

𝜋/2

0

cos 𝑥 𝑑𝑥 

⇒ 𝑢10 = 10[𝑥
9 sin 𝑥]0

𝜋/2
− 90∫𝑥8

𝜋

2

0

sin 𝑥 𝑑𝑥 = 10 (
𝜋

2
)
9

− 90 𝑢8 

⇒ 𝑢10 + 90𝑢8 = 10(
𝜋

2
)
9

 

5 (c) 

Let 𝐼 = ∫
𝑥3 sin[tan−1(𝑥4)]𝑑𝑥

1+𝑥8
 

Put  𝑥4 = 𝑡 ⇒  4𝑥3 𝑑𝑥 = 𝑑𝑡 

∴   𝐼 = ∫
1

4
.  
sin[tan−1(𝑡)]𝑑𝑡

1 + 𝑡2
 

Again, put tan−1 𝑡 = 𝑢   ⇒  
1

1+𝑡2
𝑑𝑡 = 𝑑𝑢 

∴  𝐼 = ∫
1

4
sin 𝑢 𝑑𝑢 = −

1

4
cos 𝑢 + 𝑐 = −

1

4
cos[tan−1(𝑥4)] + 𝑐 

6 (d) 

We have, 

∑ ∫ sin27 𝑥 𝑑𝑥

−2𝑛

−2𝑛−1

10

𝑛=1

+∑ ∫ sin27 𝑥 𝑑𝑥

2𝑛+1

2𝑛

10

𝑛=1

 

= −∑ ∫ sin27 𝑡 𝑑𝑡

2𝑛+1

2𝑛

10

𝑛=1

+∑ ∫ sin27 𝑥 𝑑𝑥

2𝑛+1

2𝑛

10

𝑛=1

, where 𝑥 = −𝑡 

= −∑ ∫ sin27 𝑥  𝑑𝑥

2𝑛+1

2𝑛

10

𝑛=1

+∑ ∫ sin27 𝑥 𝑑𝑥

2𝑛+1

2𝑛

10

𝑛=1

= 0 

7 (d) 

∫
1

sin2 𝑥. cos2 𝑥
 𝑑𝑥 = ∫

sin2 𝑥 + cos2 𝑥

sin2 𝑥 cos2 𝑥
 𝑑𝑥 

= ∫(
1

cos2 𝑥
+

1

sin2 𝑥
)𝑑𝑥 

= ∫(sec2 𝑥 + cosec2 𝑥) 𝑑𝑥 

= tan 𝑥 − cot 𝑥 + 𝑐 

8 (a) 

We have, 

𝐼 = ∫ (𝑥 − [2𝑥])
1

−1

𝑑𝑥 = ∫𝑥

1

−1

𝑑𝑥 − ∫[2𝑥]

1

−1

𝑑𝑥 

⇒ 𝐼 = 0 − [ ∫ [2𝑥]

−1/2

−1

𝑑𝑥 + ∫ [2𝑥]𝑑𝑥

0

−1/2

+∫ [2𝑥]𝑑𝑥

1/2

0

+ ∫[2𝑥]

1

1/2

𝑑𝑥] 
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⇒ 𝐼 = −[ ∫ −2𝑑𝑥

−1/2

−1

+ ∫ −1𝑑𝑥

0

−1/2

+∫ 0𝑑𝑥

1/2

0

+ ∫1𝑑𝑥

1

1/2

] 

⇒ 𝐼 = − [−2(−
1

2
+ 1) − 1(0 +

1

2
) + 0 + (1 −

1

2
)] 

⇒ 𝐼 = − [−1 −
1

2
+
1

2
] = 1 

9 (a) 

We know that if 𝑓(𝑡) is an odd function. Then, ∫ 𝑓(𝑡)
𝑥

0
𝑑𝑡 is an even function. 

Since the function 𝑓(𝑥) = log
1−𝑥

1+𝑥
 is an odd function. Therefore, 𝐹(𝑥) is an even function 

11 (c) 

We have 

𝑑

𝑑𝑥
{ ∫ ϕ(𝑡)𝑑𝑡

𝑔(𝑥)

𝑓(𝑥)

} = 𝑔′(𝑥).ϕ(𝑔(𝑥)) − 𝑓′(𝑥).ϕ(𝑓(𝑥)) 

12 (d) 

∫ (𝑥 − 1)(𝑥 − 2)(𝑥 − 3)𝑑𝑥
3

1

 

= ∫ (𝑥 − 1)(𝑥2 − 5𝑥 + 6)𝑑𝑥
3

1

 

= ∫ (𝑥3 − 6𝑥2 + 11𝑥 − 6)𝑑𝑥
3

1

 

= [
𝑥4

4
−
6𝑥3

3
+
11𝑥2

2
− 6𝑥]

1

3

 

= [
81

4
−
162

3
+
99

2
− 18 − (

1

4
−
6

3
+
11

2
− 6)] 

= [−
27

12
+
27

12
] = 0 

13 (c) 

Given, 𝑓(𝑥) = |
sin𝑥 + sin2𝑥 + sin3𝑥 sin 2𝑥 sin3𝑥

3 + 4 sin𝑥 3 4 sin 𝑥
1 + sin𝑥 sin 𝑥 1

| 

Applying 𝐶1 → 𝐶1 − (𝐶2 + 𝐶3), we get 

= |
sin 𝑥 sin2𝑥 sin3𝑥
0 3 4 sin𝑥
0 sin 𝑥 1

| 

= sin𝑥(3 − 4 sin2 𝑥) = 3 sin 𝑥 − 4 sin3 𝑥 

𝑓(𝑥) = sin3𝑥 

∴  ∫ 𝑓(𝑥)𝑑𝑥 = ∫ sin 3𝑥 𝑑𝑥
𝜋/2

0

𝜋/2

0

 

= [−
cos 3𝑥

3
]
0

𝜋/2

= (−
1

3
) [cos3𝑥]0

𝜋/2
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= (−
1

3
) [cos (3 ×

π

2
) − cos 0] 

= (−
1

3
) (0 − 1) =

−1

3
(−1) =

1

3
 

14 (c) 

We have, 

𝐼 = ∫𝑔(𝑥){𝑓(𝑥) + 𝑓′(𝑥)} 𝑑𝑥 

⇒ 𝐼 = ∫𝑔(𝑥)𝑓(𝑥)𝑑𝑥 + ∫𝑔(𝑥)𝑓′(𝑥) 𝑑𝑥 

⇒ 𝐼 = 𝑓(𝑥) (∫𝑔(𝑥)𝑑𝑥) − ∫(𝑓′(𝑥)∫𝑔(𝑥)𝑑𝑥)𝑑𝑥 + ∫𝑔(𝑥)𝑓′(𝑥) 𝑑𝑥 

⇒ 𝐼 = 𝑓(𝑥)𝑔(𝑥) − ∫𝑔(𝑥)𝑔′(𝑥)𝑑𝑥 +∫𝑔(𝑥)𝑔′(𝑥)𝑑𝑥 + 𝐶 

⇒ 𝐼 = 𝑓(𝑥)𝑔(𝑥) + 𝐶     [∵ ∫𝑔(𝑥)𝑑𝑥 = 𝑔(𝑥)] 

15 (a) 

∫(
𝑥 + 2

𝑥 + 4
)
2

𝑒𝑥  𝑑𝑥 = ∫𝑒𝑥 [
𝑥2 + 4𝑥 + 4

(𝑥 + 4)2
] 𝑑𝑥 

= ∫𝑒𝑥 [
𝑥(𝑥 + 4)

(𝑥 + 4)2
+

4

(𝑥 + 4)2
] 𝑑𝑥 

= ∫𝑒𝑥 [
𝑥

𝑥 + 4
+

4

(𝑥 + 4)2
] 𝑑𝑥 

= ∫
𝑒𝑥  𝑥

(𝑥 + 4)
𝑑𝑥 + ∫

4𝑒𝑥

(𝑥 + 4)2
𝑑𝑥 

= 𝑒𝑥 (
𝑥

𝑥 + 4
) −∫

4𝑒𝑥

(𝑥 + 4)2
𝑑𝑥 + ∫

4𝑒𝑥

(𝑥 + 4)2
𝑑𝑥 

=
𝑥𝑒𝑥

(𝑥 + 4)
+ 𝑐 

16 (c) 

Given, 𝑃 = ∫ 𝑓(cos2 𝑥)𝑑𝑥
3𝜋

0
…(i) 

and𝑄 = ∫ 𝑓(cos2 𝑥) 𝑑𝑥
𝜋

0
    …(ii) 

From Eq. (i) 

𝑃 = 3∫ 𝑓(cos2 𝑥)𝑑𝑥
𝜋

0

 

⇒ 𝑃 = 3𝑄 ⇒ 𝑃 − 3𝑄 = 0 

17 (d) 

Let 𝑔(𝑥) = 𝑓(cos2 𝑥). Then, 

𝑔(𝑥 + 𝑛𝜋) = 𝑓{cos2(𝑥 + 𝑛𝜋)} = 𝑓(cos2 𝑥) = 𝑔(𝑥) 

∴ ∫ 𝑔(𝑥)

𝑛𝜋

0

𝑑𝑥 = 𝑛∫𝑔(𝑥)

𝜋

0

𝑑𝑥 

⇒ ∫ 𝑔(𝑥)
3𝜋

0
𝑑𝑥 = 3∫ 𝑔(𝑥)

𝜋

0
𝑑𝑥    [Putting 𝑛 = 3] 
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⇒ ∫ 𝑓(cos2 𝑥)

3𝜋

0

𝑑𝑥 = 3∫ 𝑓(cos2 𝑥)

𝜋

0

𝑑𝑥 

⇒ 𝐼1 = 3𝐼2 

18 (c) 

We know that 𝑥 − [𝑥] is a periodic function with period 1 unit. Therefore, 

∫ (𝑥 − [𝑥])𝑑𝑥

𝑛[𝑥]

0

= 𝑛[𝑥]∫(𝑥 − [𝑥])

1

0

𝑑𝑥 = 𝑛[𝑥]∫𝑥𝑑𝑥

1

0

=
𝑛

2
[𝑥] 

19 (d) 

Put 𝑡 = 𝑥2 + 1 ⇒ 𝑑𝑡 = 2𝑥 𝑑𝑥 

∫
𝑥3

(𝑥2 + 1)3/2
𝑑𝑥 =

1

2
∫

(𝑡 − 1)

𝑡3/2
𝑑𝑡

5

1

2

0

 

=
1

2
∫ [𝑡−

1

2 − 𝑡−3/2
5

1

]𝑑𝑡 

=
1

2
[2√𝑡 + 2

1

√𝑡
]
1

5

 

=
1

2
[2√5 +

2

√5
− 2 − 2] 

= [√5 +
1

√5
− 2] =

6 − 2√5

√5
 

20 (d) 

We have, 

𝐼 = ∫ |cos 𝑥 − sin 𝑥|

2𝜋

0

𝑑𝑥 

⇒ 𝐼 = √2∫ |cos (𝑥 +
𝜋

4
)|

2𝜋

0

𝑑𝑥 

⇒ 𝐼 = √2 ∫ | cos 𝑡 |

9 𝜋/4

𝜋/4

𝑑𝑡,where 𝑡 = 𝑥 +
𝜋

4
 

⇒ 𝐼 = √2{ ∫ cos 𝑡 𝑑𝑡

𝜋/2

𝜋/4

+ ∫ (−cos 𝑡)𝑑𝑡

3 𝜋/2

𝜋/2

+ ∫ cos 𝑡 𝑑𝑡

9𝜋/4

3𝜋/2

} 

⇒ 𝐼 = √2 [(1 −
1

√2
) − (−1 − 1) + (

1

√2
+ 1)] = 4√2 
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1 (c) 

Let 𝐼 = ∫ (𝑥3 + 𝑥 cos 𝑥 + tan5 𝑥 + 1)𝑑𝑥
𝜋/2

−𝜋/2
 

Since, 𝑥3, 𝑥 cos 𝑥 and tan5 𝑥 are odd functions, 

therefore 

𝐼 = ∫ 1𝑑𝑥 = [𝑥]−𝜋/2
𝜋/2

= 𝜋
𝜋/2

−𝜋/2

 

2 (a) 

∵ 𝑓′(𝑥) = 𝑔(𝑥) 

⇒ ∫ 𝑓(𝑥)𝑔(𝑥)𝑑𝑥 = ∫ 𝑓(𝑥)𝑓′(𝑥)𝑑𝑥
𝑏

𝑎

𝑏

𝑎

 

= [
(𝑓(𝑥))

2

2
]

𝑎

𝑏

 

=
1

2
[(𝑓(𝑏))

2
− (𝑓(𝑎))

2
] 

3 (c) 

We have, 

𝐼 = ∫
4𝑒𝑥 + 6𝑒−𝑥

9𝑒𝑥 − 4𝑒−𝑥
𝑑𝑥 = ∫

4𝑒2 𝑥 + 6

9𝑒2 𝑥 − 4
𝑑𝑥 

⇒ 𝐼 = ∫
4 𝑒2𝑥

9 𝑒2𝑥 − 4
𝑑𝑥 + 6∫

1

9 𝑒2𝑥 − 4
𝑑𝑥 

⇒ 𝐼 =
2

9
∫

18 𝑒2𝑥

9𝑒2𝑥 − 4
𝑑𝑥 + 6∫

𝑒−2𝑥

9 − 4𝑒−2𝑥
𝑑𝑥 

⇒ 𝐼 =
2

9
log(9𝑒2𝑥 − 4) +

6

8
log(9 − 4𝑒−2𝑥) + 𝐶 

⇒ 𝐼 =
2

9
log(9 𝑒2𝑥 − 4) +

3

4
log(9 𝑒2𝑥 − 4) −

3

4
log 𝑒2𝑥 + 𝐶 

⇒ 𝐼 =
−3

2
𝑥 +

35

36
log(9𝑒2𝑥 − 4) + 𝐶 

Hence, 𝐴 = −
3

2
, 𝑏 =

35

36
 and 𝐶 ∈ 𝑅 

4 (b) 

Topic :-INTEGRALS 

SOLUTIONS 
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Let  𝐼 = ∫
cos4𝑥+1

cot𝑥−tan𝑥
𝑑𝑥 

= ∫
2 cos2 2𝑥
cos2 𝑥−sin2 𝑥

sin𝑥 cos𝑥

𝑑𝑥 

= ∫
2 cos2 2𝑥

cos 2𝑥
. sin 𝑥 cos 𝑥 𝑑𝑥 

= ∫cos 2𝑥 . sin 2𝑥  𝑑𝑥 

=
1

2
∫2 cos 2𝑥 sin 2𝑥  𝑑𝑥 

=
1

2
∫sin 4𝑥  𝑑𝑥 =

1

2

(− cos 4𝑥)

4
+ 𝑐 

⇒ 𝐼 =
−cos 4𝑥

8
+ 𝑐 = 𝑘 cos 4𝑥 + 𝑐 

∴  𝑘 = −
1

8
 

5 (c) 

Let 𝐼 = ∫ |𝑥 + 1|𝑑𝑥
4

−2
 

= ∫ −(𝑥 + 1)𝑑𝑥 + ∫ (1 + 𝑥)𝑑𝑥
4

−1

−1

−2

 

= − [
𝑥2

2
+ 𝑥]

−2

−1

+ [𝑥 +
𝑥2

2
]
−1

4

 

= − [
1

2
− 1 − (2 − 2)] + [4 + 8—(1 +

1

2
)] 

=
1

2
+ (

25

2
) = 13 

6 (c) 

∫
𝑑𝑥

𝑥2 − 𝑥

3

2

 

= ∫
𝑑𝑥

𝑥(𝑥 − 1)
= ∫ [

1

𝑥 − 1
−
1

𝑥
]𝑑𝑥

3

2

3

2

 

= [log(𝑥 − 1)]2
3 − [log 𝑥]2

3 

= [log 2 − log 1] − [log 3 − log 2] 

= 2 log 2 − log 3 = log
4

3
 

7 (d) 

Let  𝐼 = ∫
𝑥2+1

𝑥4−𝑥2+1
𝑑𝑥 = ∫

1+
1

𝑥2

𝑥2+
1

𝑥2
−1
𝑑𝑥 
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=
(1 +

1

𝑥2
)

(𝑥 −
1

𝑥
)
2

+ 1
𝑑𝑥 

Put  𝑥 −
1

𝑥
= 𝑡  ⇒   (1 +

1

𝑥2
)𝑑𝑥 = 𝑑𝑡 

∴  𝐼 = ∫
𝑑𝑡

𝑡2 + 1
= tan−1 𝑡 + 𝑐 

= tan−1 (𝑥 −
1

𝑥
) + 𝑐 

= tan−1 (
𝑥2 − 1

𝑥
) + 𝑐 

8 (c) 

Let  𝐼 = ∫ 𝑒𝑥 sec 𝑥 𝑑𝑥 + ∫ 𝑒𝑥 sec 𝑥 tan 𝑥 𝑑𝑥 

= 𝑒𝑥 sec 𝑥 − ∫𝑒𝑥 sec 𝑥 tan 𝑥 𝑑𝑥 + ∫𝑒𝑥 sec 𝑥 tan 𝑥 𝑑𝑥 + 𝑐 

= 𝑒𝑥 sec 𝑥 + 𝑐 

9 (d) 

𝑓′(𝑥) = 2𝑥𝑒−(𝑥
2+1)

2

− 2𝑥𝑒−𝑥
4
 

= 2𝑥 (𝑒−(𝑥
2+1)

2

− 𝑒−𝑥
4
) [here𝑒−𝑥

4
> 𝑒−(𝑥

2+1)
2

] 

So, 𝑓′(𝑥) > 0,when 𝑥 < 0    [as𝑥4 < (𝑥2 + 1)2] 

11 (b) 

Given, ∫ 𝑥 𝑑𝑥 ≤ 𝑎 + 4
𝑎

0
 

⇒ [
𝑥2

2
]
0

𝑎

≤ 𝑎 + 4 ⇒
𝑎2

2
≤ 𝑎 + 4 

⇒ 𝑎2 ≤ 2𝑎 + 8 ⇒ 𝑎2 − 2𝑎 − 8 ≤ 0 

⇒ (𝑎 − 4)(𝑎 + 2) ≤ 0 ⇒ −2 ≤ 𝑎 ≤ 4 

12 (a) 

Given, 𝑢𝑛 = ∫ tan𝑛 𝑥 𝑑𝑥
𝜋/4

0
 

or𝑢𝑛 = ∫ tan𝑛−2 𝑥 (sec2 𝑥 − 1) 𝑑𝑥
𝜋/4

0
 

= ∫ tan𝑛−2 𝑥 sec2 𝑥 𝑑𝑥 −
𝜋/4

0

∫ tan𝑛−2 𝑥 𝑑𝑥
𝜋/4

0

 

On putting tan 𝑥 = 𝑡, sec2 𝑥 𝑑𝑥 = 𝑑𝑡 in Ist integral, we get 

𝑢𝑛 = ∫ 𝑡𝑛−2
1

0

𝑑𝑡 − 𝑢𝑛−2 

⇒  𝑢𝑛 + 𝑢𝑛−2 = [
𝑡𝑛−1

𝑛 − 1
]
0

1

= [
1𝑛−1

𝑛 − 1
− 0] =

1

𝑛 − 1
 

13 (b) 

Let 𝐼 = ∫ 𝑥
𝜋

0
sin4 𝑥  𝑑𝑥…(i) 

𝐼 = ∫ (𝜋 − 𝑥)
𝜋

0
sin4 𝑥  𝑑𝑥…(ii) 
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On adding Eqs. (i) and (ii), we get 

2𝐼 = 𝜋∫ sin4 𝑥
𝜋

0

 𝑑𝑥 

= 2𝜋∫ sin4 𝑥
𝜋 2⁄

0

 𝑑𝑥 

= 2𝜋.
4 − 1

4
.
4 − 3

4 − 2
.
𝜋

2
 

= 2𝜋.
3

4
.
1

2
.
𝜋

2
=
3𝜋2

8
 

⇒  𝐼 =
3𝜋2

16
 

14 (a) 

We have, 

∫
sin 𝑥 − cos 𝑥

√1 − sin2𝑥
𝑒sin𝑥 cos𝑥  𝑑𝑥 

⇒ 𝐼 = ∫
sin𝑥 − cos 𝑥

sin𝑥 − cos 𝑥
𝑒sin𝑥 cos𝑥  𝑑𝑥 = ∫𝑒sin𝑥 cos𝑥  𝑑𝑥 = 𝑒sin𝑥 + 𝐶 

15 (c) 

Let 𝐼 = ∫
𝑑𝑥

√𝑥+ √𝑥
3  

Now, let 𝑥 = 𝑡6 ⇒ 𝑑𝑥 = 6𝑡5𝑑𝑡 

⇒ 𝐼 = ∫
6𝑡5

𝑡3 + 𝑡2
𝑑𝑡 = 6∫

𝑡3

𝑡 + 1
𝑑𝑡 

= 6∫(𝑡2 − 𝑡 + 1 −
1

𝑡 + 1
)𝑑𝑡 

= 2𝑡3 − 3𝑡2 + 6𝑡 − 6 log(𝑡 + 1) + 𝑐 

= 2√𝑥 − 3(√𝑥
3
) + 6(√𝑥

6
) − 6 log(√𝑥

6
+ 1) + 𝑐 

16 (a) 

We have, 

𝐼 = ∫ √𝑥
3 √1 + √𝑥4

37

𝑑𝑥 =
3

4
∫ √1 + 𝑥4/3

7
×
4

3
𝑥1/3𝑑𝑥 

⇒ 𝐼 =
3

4
∫(1 + 𝑥4)1/7 𝑑(1 + 𝑥4/3) 

⇒ 𝐼 =
3

4
×
7

8
× (1 + 𝑥4/3)

8/7
+ 𝐶 =

21

32
(1 + 𝑥4/3)

8/7
+ 𝐶 

17 (a) 

Let 𝐼 = ∫ sin−1 (
2𝑥

1+𝑥2
)𝑑𝑥 

Put  𝑥 = tanθ ⇒  𝑑𝑥 = sec2 θ 𝑑θ 

∴    𝐼 = ∫sin−1(sin2θ). sec2 θ 𝑑θ 
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= 2∫θ sec2 θ 𝑑θ = 2[θ tan θ − ∫ tan θ𝑑θ] 

= 2[θ tan θ + log cos θ] + 𝑐 

= 2 [𝑥 tan−1 𝑥 + log
1

√1 + 𝑥2
] + 𝑐 

= 2𝑥 tan−1 𝑥 − log(1 + 𝑥2) + 𝑐 

= 𝑓(𝑥) − log(1 + 𝑥2) + 𝑐      [given] 

∴  𝑓(𝑥) = 2𝑥 tan−1 𝑥 

18 (b) 

Given 𝐼10 = ∫ 𝑥10
𝜋/2

0
sin 𝑥 𝑑𝑥 

= [−𝑥10 cos 𝑥]0
𝜋/2

+∫ 10𝑥9. cos 𝑥𝑑𝑥
𝜋/2

0

 

= 0 + [10𝑥9 sin 𝑥]0
𝜋/2

−∫ 90𝑥8 sin 𝑥 𝑑𝑥
𝜋/2

0

 

= 10 (
𝜋

2
)
9

− 90𝐼8 

⇒ 𝐼10 + 90𝐼8 = 10 (
𝜋

2
)
9

 

19 (d) 

Let 𝐼 = ∫
𝑥 𝑑𝑥

𝑎2 cos2 𝑥+𝑏2 sin2 𝑥

𝜋

0
…(i) 

and𝐼 = ∫
(𝜋−𝑥)𝑑𝑥

𝑎2 cos2(𝜋−𝑥)+𝑏2 sin2(𝜋−𝑥)

𝜋

0
 

⇒  𝐼 = ∫
(𝜋−𝑥)𝑑𝑥

𝑎2 cos2 𝑥+𝑏2 sin2 𝑥

𝜋

0
…(ii) 

On adding Eqs.(i) and (ii), we get 

2𝐼 = ∫
(𝑥 + 𝜋 − 𝑥)𝑑𝑥

𝑎2 cos2 𝑥 + 𝑏2 sin2 𝑥

𝜋

0

 

⇒  2𝐼 = 𝜋∫
𝑑𝑥

𝑎2 cos2 𝑥 + 𝑏2 sin2 𝑥

𝜋

0

 

⇒  𝐼 =
𝜋

2
∫

𝑑𝑥

𝑎2 cos2 𝑥 + 𝑏2 sin2 𝑥

𝜋

0

 

⇒  𝐼 = 2 ∙
𝜋

2
∫

𝑑𝑥

𝑎2 cos2 𝑥 + 𝑏2 sin2 𝑥

𝜋/2

0

 

On dividing numerator and denominator be cos2 𝑥, we get  

𝐼 = 𝜋∫
sec2 𝑥 𝑑𝑥

𝑎2 + 𝑏2 tan2 𝑥

𝜋/2

0

 

Put 𝑏 tan 𝑥 = 𝑡 ⇒ 𝑏 sec2 𝑥 𝑑𝑥 = 𝑑𝑡 

∴   𝐼 =
𝜋

𝑏
∫

𝑑𝑡

𝑎2 + 𝑡2
=
𝜋

𝑏
∙
1

𝑎
[tan−1

𝑡

𝑎
]
0

∞∞

0

 

=
𝜋

𝑎𝑏
[
𝜋

2
− 0] =

𝜋2

2𝑎𝑏
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20 (a) 

∫ (𝑥 − [𝑥])𝑑𝑥 = ∫ (𝑥 + 1)𝑑𝑥 + ∫ (𝑥 − 0)𝑑𝑥
1

0

0

−1

1

−1

 

= [
𝑥2

2
+ 𝑥]

−1

0

+ [
𝑥2

2
]
0

1

=
1

2
+
1

2
= 1 
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